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Preface

This book offers proceedings of the in-person and online “Analysis and Applied
Mathematics” seminars organized jointly by the Bahcesehir University (Istanbul,
Tiirkiye), Ghent Analysis and PDE Center (Ghent University, Ghent, Belgium), and
the Institute of Mathematics and Mathematical Modeling (Almaty, Kazakhstan).
This book of extended abstracts is part of our series Research Perspectives Ghent
Analysis and PDE Center, devoted to the publication of abstracts, in an extended
form, of talks presented at the events associated with the Ghent Analysis and PDE
Center. We hope that this volume will be of value to professional mathematicians
as well as advanced students in the fields of analysis and applied mathematics,
providing an overview of some research topics in the wide area of analysis and
their relevance to applied mathematics.

The goal of the joint seminar “Analysis and Applied Mathematics” is to provide
a forum for researchers and scientists from different regions to communicate their
recent developments and to present their original results in various fields of analysis
and applied mathematics. The seminar originated in 2022, after the pandemic,
mostly in the online format, to bring together mathematicians working in different
institutions for discussions of joint topics of interest, fuelled by the work of the
international community on these subjects. The website of the seminar can be found
at https://sites.google.com/view/aam-seminars.

Many of the lectures given at the seminar have been recorded and are available on
the YouTube Channel of the Institute of Mathematics of the University of Georgia.
This includes many papers included in this volume, as well as other talks given
at the seminar but do not appear here. The volume contains extended abstracts of
these and a few related talks which were given at the seminar during the 2022-2023
period.

This book presents 23 papers by authors from different countries: Turkey,
Kazakhstan, USA, Italy, Portugal, Spain, Serbia, Azerbaijan, Jordan, Lithuania,
India, Iraq, Russian Federation, Uzbekistan, Tajikistan, and Turkmenistan. We are
especially pleased with the fact that many articles are written by co-authors who
work at different universities in the world. We are confident that such international
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vi Preface

integration provides an opportunity for a significant increase in the quality and
quantity of scientific publications.

Publications in this book contain new results or overviews of some relevant
mathematical areas. The volume reflects the latest developments in the area of
analysis and applied mathematics and their interdisciplinary applications. This
volume is organised in four parts. Part I contains the contributed papers focusing on
various aspects of the analysis and its applications. Part II is devoted to the research
on the theory of applied mathematics. Part III contains the results of studies on
ordinary and partial differential equations and their applications. Finally, Part IV is
focused on the simulation of problems arising in real-world applications of applied
sciences.

We would like to express our gratitude to Abdullah S. Erdogan (USA), Chary-
yar Ashyralyyev (Tiirkiye), Maksat Ashyraliyev (Sweden), Berikbol T. Torebek
(Belgium), Yasar Sozen (Tiirkiye), Deniz Agirseven (Tiirkiye) and Ozgur Yildirim
(Tiirkiye) for their valuable assistance for the organization of weekly seminars and
preparation of this volume.

Istanbul, Turkey Allaberen Ashyralyev
Ghent, Belgium Michael Ruzhansky
Almaty, Kazakhstan Makhmud A. Sadybekov

January 2024
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Chapter 1 ®
Some Measures of Noncompactness oo
and Their Applications

Eberhard Malkowsky

Abstract This is the extended abstract of the author’s talk in the Analysis and
Applied Mathematics Weekly Online Seminar on important results on measures of
noncompactness, and some recent applications on the characterisations of compact
operators between certain BK spaces, and in fixed point theorems.

1.1 Introduction

Measures of noncompactness are very useful tools in functional analysis, for
instance, in metric fixed point theory, the characterisations of compact operators
between Banach spaces, and the study of differential and integral equations.

We present an axiomatic introduction to measures of noncompactness on the
class of bounded subsets of complete metric spaces, the definition and most
important properties of the Kuratowski and Hausdorff measures of noncompactness,
a study of measures of noncompactness of operators between Banach spaces, and
some applications to the characterisations of compact linear operators between
certain BK spaces and the solvability of an infinite system of integral equations.

Compactness and measures of noncompactness play an important role in fixed
point theory. There are, however, cases when the operators are not compact and the
results have to be extended to noncompact operators. Perhaps the most important
application of a measure of noncompactness is Darbo’s fixed point theorem [4],
which uses Kuratowski’s measure of noncompactness o [8]. Darbo’s theorem is a
generalisation of Schauder’s fixed point theorem [17].

E. Malkowsky (<)
State University of Novi Pazar, Novi Pazar, Serbia
e-mail: Eberhard. Malkowsky @math.uni-giessen.de; ema@pmf.ni.ac.rs
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4 E. Malkowsky
1.2 Measures of Noncompactness

Measures of noncompactness are studied in detail and their use is discussed, for
instance, in the monographs [1, 2, 9, 10, 18].

First, we recall the axiomatic introduction of the concept of a measure of
noncompactness in complete metric spaces.

Definition 1.2.1 Let (X, d) be a complete metric space, and My be the class of
bounded subsets of X. A set function ¢ : My — [0, co) that satisfies the following
conditions for all Q, Qi, 0> € My

(MNC.1) ¢(Q) =0if and only if Q is relatively compact (regularity)
(MNC.2) ¢(Q) = ¢(Q) (invariance under closure)
(MNC.3) ¢(Q1U Q2) = max{¢(Q1), $(Q2)} (semi—additivity)

is called a measure of noncompactness on My and ¢ (Q) is called the measure of
noncompactness of the set Q.

Proposition 1.2.2 Let (X, d) be a complete metric space. Any measure of noncom-
pactness ¢ on My satisfies the following conditions for all Q, Q1, Q2 € Mx

01 C Q2 implies $(Q1) < ¢(Q2)  (monotonicity) (1.1)
#(Q1N Q2) <min{¢(Q1), $(02)} (1.2)
¢ (Q) = 0 for every finite set Q (non—singularity). (1.3)

If (Qy) is a decreasing sequence of nonempty, closed sets in My and
limy;, s 00 ¢(Qn) = 0, then
O =02, On # ¥ is compact

(Cantor’s generalised intersection property [18, p. 19]);
([8, 1930] for ¢ = «.)

(1.4)

Now we recall the definitions of the Kuratowski and Hausdorff measures of
noncompactness in complete metric spaces (X, d).

Definition 1.2.3

(a) ([8] or [18, Definition I1.2.1]) The Kuratowski measure of noncompactness is
the map o : My — [0, oo) with

a(Q):inf{s>0:QCUSk, Sk C X,

k=1
diam(Sy) <e(k=1,2,...,n e N)}.
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(b) ([21] or [18, Definition I1.2.1]) The Hausdorff or ball measure of noncompact-
ness is the map x : Mx — [0, co) with

x(0) =inf{s >0:0c | By, x€X,

k=1
nn<ek=12...,neN)},

where B, (xk), as usual, denotes the open ball of radius r; and centre in xy.

Remark 1.2.4 We note that the functions « and x are measures of noncompactness
in the sense of Definition 1.2.1. So they satisfy (1.1)—(1.4) ([9, Lemmas 2.6, 2.11,
Theorem 2.7] and [18, Remark 3.2]). They are also equivalent ([18, Remark 3.2]),
thatis, x (Q) < a(Q) <2-x(Q) forall Q € My. Studies on inequivalent measures
of noncompactness can be found, for instance, in [12, 13].

Some measures of noncompactness such as « and x satisfy several important
conditions that are connected to the linear structure of Banach spaces; the statements
for « in (1.5)—(1.8) of Proposition 1.2.5 are due to Darbo [4].

Proposition 1.2.5 ([10, Theorems 7.6.7, 7.7.6 (b)]) Let X be a Banach space,
0, 01, Q2 € Mx, ¥ be any of the functions o or y, and co(Q) denote the convex
hull of Q. Then we have

v(Q1+ 02) =¥ (Q1) +¥(Q2) (sublinearity), (1.5)
V(O +x) =y (Q) foreachx € X (translation invariance), (1.6)
Y (AQ) = |A|Y(Q) for each scalar 1 (absolute homogeneity) 1.7
Y (Q) = ¥ (co(Q)) (invariance under passage to the convex hull). (1.8)

If X is infinite dimensional, and By and Sx denote the open unit ball and the unit
sphere in X, then a(Bx) = a(Sx) = 2 and x(Bx) = x(Sx) = 1 ([9, Theorems
2.9,2.14)).

As an application of the results concerning measures of noncompactness we are
going to state the famous theorem by Goldenstein, Go’hberg and Markus, which
establishes an estimate for the Hausdorff measure of compactness of bounded sets
in any Banach space with a Schauder basis.

Theorem 1.2.6 (Goldenstein, Go’hberg, Markus) (R-BIB.GGMI1 or [18, Theo-
rem I1.4.2] or [9, Theorem 2.23])

Let X be a Banach space with a Schauder basis (by). Then the function u : My —
[0, 00) defined by

w(Q) = limsup (sup ||Rn<x)||) with Ry(x) = > diby (1.9)

n—0oQo xeQ k=n—+1
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forall x = Z,fio Aby € X satisfies the following inequality for every Q € Mx

1
o n(Q) = x(Q) = u(Q),

where a = limsup,,_, . ||R, || is the basis constant.

So far, we measured the noncompactness of bounded subsets of complete
metric spaces and Banach spaces. Now we introduce the concept of measures of
noncompactness of operators between Banach spaces.

Definition 1.2.7 ([9, Definition 2.24]) Let ¢; and ¢» be measures of noncompact-
ness on the Banach spaces X and Y, respectively. An operator 7 : X — Y is said
to be (¢1, ¢p2)—bounded if T(Q) € My foreach Q € My, and there exists a real
number k£ > 0 such that ¢ (7' (Q)) < k¢1(Q) for each Q € My.

If an operator T is (¢, ¢2)-bounded, then ||T || 4, 4, defined by

ITlg1.¢, = inflk = 0: $2(T(Q)) < k¢1(Q) for each Q € Mx}

is called (¢1, ¢p2)—operator norm of T, or (¢p1, ¢p2)—measure of noncompactness of
T, or simply measure of noncompactness of T.
If 1 = ¢ = ¢, then we write || T || instead of || T [|¢,¢4.

Theorem 1.2.8 Let X and Y be Banach spaces, L € B(X,Y), Sx and By be the
unit sphere and the closed unit ball in X.

(a) ([9, Theorem 2.25]) Then we have ||L||, = x (L(Sx)) = ¥ (L(Bx)).
(b) ([9, Corollary 2.26]) Let C(X, Y) be the set of all compact operators in B(X, Y).
Then | - || is a seminorm on B(X,Y),

ILIl, =0ifand only if L € C(X,Y), (1.10)

and ||L|l, < |IL]l.

Important applications of the theory of measures of noncompactness are Darbo’s
fixed point theorem and its generalisation, the Darbo—Sadovskii theorem. The
important hypotheses are the condensing property (1.11), the invariance of the
passage to the convex hull (1.8) of the measures of noncompactness involved, and
Cantor’s generalised intersection property (1.4).

Theorem 1.2.9 (Darbo’s Fixed Point Theorem) ([4]) Let C be a non—empty
bounded, closed and convex subset of a Banach space X and a be the Kuratowski
measure of noncompactness on X. If f : C — C is continuous such that there exists
a constant ¢ € [0, 1) with

a(f(Q) = c-a(Q) forevery Q C C, (1.11)

then f has a fixed point in C.
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Theorem 1.2.10 (Darbo-Sadovskii) (R-BIB.Sad2, [18, Theorem 5.4, p. 40] or
[10, Theorem 7.10.3])

Let X be a Banach space, ¢ be a measure of noncompactness which is invariant
under passage to the convex hull, C # () be a bounded, closed and convex subset
of X and f : C — C be an operator that satisfies the condensing property (1.11),
with ¢ in place of a. Then f has a fixed point in C.

1.3 Some Applications

Here we apply the results of Sect. 1.2 to the characterisations of some classes of
bounded linear and compact operators on the generalised Hahn space hg, and give
a generalisation of Darbo’s fixed point theorem and its application to the solution of
an integral equation. We recommend [2] and [3] for further comprehensive studies
of applications of measures of noncompactness to the solvability of infinite systems
of differential and integral equations.

We use the standard notations w, £ and cg for the sets of all complex, bounded
and null sequences x = (xz);2;bs andbv = {x € w : Z,fil |xk —Xk4+1| < 00}, for
the sets of all bounded series, and of all series of bounded variation. We also write

bvg =bvNco. If m € Nand x = (x)2 | € w, then we write xlml = (x,Em]),fil for
the m—section of x, where x,Em] =x; for1 <k < m and x,Em] =0 fork > m.

We refer the reader to [10, Definitions 9.2.1 and 9.2.12] for the concepts and
fundamental properties of BK and AK spaces.

Letd = (di){2, be a given monotone increasing unbounded sequence of positive
real numbers. For every sequence x = (xx)f2, € o, let Ax = (Axp)2, =
Xk — X+ 1),?0:1 be the sequence of the forward differences of the sequence x. The
generalised Hahn space is defined as [6]

o0
hg=3{x= @), €Ew: de|Axk| < o0 Ncy.
k=1

If dp = k for all k, then hy = h, the original Hahn space i [7, 1922], and if
d=e=(1,1,...),then h, = buvy.

Since hy is a BK space with AK by Malkowsky et al. [11, Proposition 2.1],
every L € B(hy) = B(hg, hg) is given by an infinte matrix A = (a,,,r()f;"’k:1 such
that L(x) = Ax = (A,(x)),2, for all sequences x = (xx);2,, where A,x =
Z,fil ankxy for all n € N, and conversely, if Ax € hy for all x € hy, then L4 €
B(hg), where Lyx = Ax for all x € hg ([10, Theorem 9.3.3]).

First, we need to characterise the class 8(hy) and deternmine the operator norm
of L € B(hy).
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Theorem 1.3.1 ([11, Theorem 3.9 and Corollary 3.15 (a)]) We have L € B(hy)
if and only if Ax = L(x) € hq for all x € hy and this is the case if and only if

lim a,; =0, forall k, (1.12)
n—od
and
1 o0 m
1 All(hg.ng) = sup (d_ D dn | D (ank — angr0) ) < 00. (1.13)
m m _ —
n=1 k=1
If L € B(hy), then
1L = 1Al (hg,hg)- (1.14)

Proof (Outline) The proof uses the concept of determining sets for BK spaces ([19,
Definition 7.4.2]), [11, Propositions 3.2 and 2.3] and [19, Theorem 8.3.4].

(i) First we note that, by Malkowsky et al. [11, Proposition 3.2], E =
{(1/dk) ekl ke N} is a determining set for h4. Also, by Malkowsky et
al. [11, Proposition 2.3], the continuous dual hj} of hg is normisomorphic
to bsq = {a € w : sup,(1/dy)| > j_;ax] < oo} with the natural norm
lallps, = sup, (1/d)| Y i_, ax| for all a € bs,.

(i) Writing y"! = (1/d,,)-el™ forallm e N, we show sup,, | Ay™ ||, < 0o and
Ayl"l e ¢ for all y"! € E. We note that the first condition is (1.12) and the
seond condition is equivalent to (1.13). Hence we have obtained Condition (ii)
in [19, Theorem 8.3.4]. Also condition (i) in [19, Theorem 8.3.4] is redundant,
since the columns A% = (ank)52; of A are in ¢¢ for each k by (1.12), and

1A 15, < dill Ay™Y1g, + di—1 Ay, < 00

for all k. Thus we obtain the characterization of B(h).

(iii) We obtain [IL(x)ln; < | Allrg.n I1llay forall x € ha,so LI < [Allgny.n,).
Conversely ||L(y[m])||hd < |IL| for all m yields || Al 1,y < IILI. This yields
(1.14).

O

An application of Theorem 1.3.1 yields the multiplier M (hy, hq), and the value
a of the basis constant for 4. We recall that the multiplier of X C win Y C w is
the set
MX,Y) = {z €Ew:z-x = (zxi)pe; €Y forallx = (xp)p2, € X}

We also obtain the value of the basis constant a of &,.
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Example 1.3.2 ([11, Remark 4.6])

(a) It follows from Theorem 1.3.3 that

it by ={zews (0], ) e,

(b) Let! € N be given, (c,(,l,)),‘jf’:1 be the sequence with c,(,? =0forl <m </[and
e = 1+d/dy form > 1+ 1, then

d,
a = limsup ||R;|| = limsup ( sup c(l) = limsup | sup (1 + —l> =2.
[—o00 [—o00 m=>1 [—o00 m=>1 dm

Now we use Theorem 1.3.1 to establish an estimate for ||L]||, for every L €
B(hg).

Theorem 1.3.3
(a) ([11, Theorem 4.8 (a)]) Let L € B(hyg). We write

Yl = <d1 Za1+1 k| + Z k = Ant1.k) >
n=Il+1
for all m and l. Then we have
l . <I> . <I>
- lim sup sup Yin < |IL|ly < limsup ( supy,, . (1.15)
2 =00 [— 00 m

(b) ([11, Theorem 4.10 (d)]) We have L € C(hg) = C(ha, ha) if and only if
lim <sup y,,fl>) =0.
=00

Proof (Outline) Let A be an infinite matrix with the rows A, (n € N). For each
m € N, we write A<"> for the matrix with the rows A"~ = 0 forn < m and
A;Mm> = A, forn > m + 1. Also let L=™> denote the operator represented by
A=™>_ Obviously L<"> = R, o L (m € N) for L € B(hy). First we have by
Theorem 1.3.1 for all /

1= =sup< Zd
m

M =1

<I> <l+l>
Z(“ i)

) =i

Since a = 2 by Example 1.3.2 (b), (1.9) yields the inequalities in (1.15).
Finally, Part (b) follows from (1.15) and (1.10). |
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We apply Theorem 1.3.3 and Example 1.3.2 (a) to obtain two results by Sawano
and El-Shabrawy [16, Corollary 5.1 and Lemma 5.1].

Rhaly [14] introduced the generalised Cesaro operator C; on w for ¢ € [0, 1) by
the matrix C; = (ank (1))7%_o With an = t"7%/(n+1) for (0 < k < n) and apx = 0
fork>n(mn=20,1,...).

Example 1.3.4 ([16, Corollary 5.1]) Let0 <t < 1. Then L¢, € B(h).
The special case of dy = k for all k of the next example yields [16, Lemma 5.1].

Example 1.3.5 ([S, Example 10]) Let (Ak),fil be a decreasing sequence of positive
real numbers which converges to 0 and D (L) =diag(i1, X2, .. .) denote the diagonal
matrix with the sequence A on its diagonal. Then L p) € C(hq).

We also give an application of our results to Fredholm operators. We recall the
definition of Fredholm operators ([10, Definition 8.4.1]). Let X and Y be Banach
spaces, L € B(X,Y),and N(L) and R(L) denote the null space and the range of L,
respectively. Then L is said to be a Fredholm operator, if R(L) is closed, and both
dimensions dim N (7') and dim X/R(L) are finite. The index of a Fredholm operator
L is defined as i (L) = dim N(L) — dim X/R(L). Let us recall that if L € B(X)
and ||L||, < 1, then I — L is a Fredholm operator and i (I — L) = 0 ([20] or [10,
Section 7.13]).

Corollary 1.3.6 ([11, Corollary 4.11]) Let a = (a,);2,, B = (Bu),2, and
Y = (Vn),2, be given sequences of complex numbers, and A(a, B, y) denote the
tridiagonal matrix with « on the main diagonal, y on the subdiagonal and B on the
diagonal above the main diagonal.

Then the operator L € B(hg) represented by the matrix A(y,«, B) = A0, «, 0)
+A(y,0,0) +A(0, 0, B) is Fredholm with index i (A(«, B, v)) = 0if A0, ¢, 0) is
Fredholm with index i (A(0, «, 0)) = 0 and A(y, 0, 0) and A(0, 0, B) are compact.

Example 1.3.7 ([11, Example 4.12]) Letdy = k,ax = 1 — 1/k and By = yx =
1/k for all k. Then the operator L € B(hy) represented by the matrix A(y, «, 8) is
Fredholm.

Finally, we consider a generalisation of Darbos’s fixed point theorem, Theo-
rem 1.2.9, and its application to the existence of solutions of a functional integral
equation of Volterra type [15, Theorem 3.1]. We need the following definition.

Definition 1.3.8 ([15, Definition 2.1]) Let X be a Banach space and ¢ be a
measure of noncompactness on My which is invariant under the passage to the
convex hull (1.8), and homogeneous (1.7). Furthermore, let H : R™ — RT be a
strictly increasing map such that, for each sequence (a,) of positive real numbers,
lim,,_, » a, = 0 if and only if lim,_ H(a,) = 0. Amap T : X — X is said to
be a countable H-set contraction if there exists a T > 0 such that, for all countable

Q € My, ¢(T(Q)) > Oimplies 7 + H(¢(T(Q))) < H(p(Q)).

The next result generalises Darbo’s fixed point theorem.
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Theorem 1.3.9 ([15, Theorem 2.8]) Let C be a non—empty, bounded, closed and
convex subset of a Banach space X, ¢ be a measure of noncompactness (as above)
and T : X — X be a continuous H—contraction. Then T has a fixed point.

An application of Theorem 1.3.9 yields a result on the solvability of the nonlinear
integral equation

t
x(t) = f(t,x(t))—i—/ g(t,s,x(s))ds (t € RT) (1.16)
0

in the space BC(R™") which consists of all real functions defined continuous and
bounded on R™; the norm on BC(R™) is defined by [|x|| = sup, p-+{|x(D)]}.

Theorem 1.3.10 ([15, Theorem 3.1]) We consider the following conditions:

(i) The function f : RT x R — R is continuous, but, for any nonempty bounded
subset X of BC(R™), the family {f(t,x) : x € X} is equi—continuous for all
t € RY, and the function t v+ f(t,0) is a member of the space BCR™).
Moreover, there exists T > 0 such that

|f (@, x)=f(t, y)| # 0 implies t+H(| f(t, x) = f(t, y)I) < H(|x—yl).

(ii) The function g : R™ x RT x R — R is continuous and there exist continuous
functions a, b : RT — RY satisfying |g(t, s, x)| < a@)b(s) forallt,s € RT
withs <t and x € R, where lim;_, » a(t) fot b(s)ds = 0.

(iii) There exists a positive solution ry of the inequality H Y H(ro)—1)+ q <ro,
where q is the constant defined by q = sup,> {If(t, 0)| 4+ a(r) fot b(s) ds}.

Let (1), (i1) and (iii) be satisfied. Then the nonlinear integral equation (1.16) has at
least one solution in the space BC(R™T).
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Chapter 2 ®
Definition of Hessians for m —Convex Creck or
Functions as Borel Measures

Azimbay Sadullaev

Abstract In this work, m—convex functions are defined in the class of bounded
upper semi-continuous functions of real arguments and a connection is established
between m—convex and well-known violent m—subharmonic functions. As a
consequence, we define in the class of m—convex functions, the Hessians H k k=
1,2,...,n —m + 1, as Borel measures.

2.1 Introduction

m—convex functions in R” are a real analogue of violent m—subharmonic
(sh;,) functions in complex space C". Let us recall the definition of a class of
sh, —functions, which has become the subject of research by many authors (Blocki
[1], Dinev and Kolodziej [2], Li [3], Lu [4, 5], Abdullaev and Sadullaev [6, 7], etc.).

A twice smooth function u(z) € C2(D), D C C", is called violent subharmonic
u € shy (D), if at each point of the domain D

shm(D):{ueCZ: (dd°u)* A BF > 0, k:l,2,...,n—m+1}

= {u €C?: ddunp" ' >0,ddu?AB"2>0,..., ddu)""TIA

ﬂm—l z O} ,
2.1)
where 8 = dd° ||z |2 —is the standard volume form in C".
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Operators (dd“u)* A "~ are closely related to Hessians. For a doubly smooth
function u € C2(D), the second order differential

dd* iz Pu_ e nd3
u=- ;
2 4abzaz RO

(at a fixed point 0 € D) is Hermitian quadratic form. After a suitable unitary
coordinate transformation, it is reduced to diagonal form

i _ _
dd‘u = z[)\lel ANdZL+ ...+ rdz, Ad 7],

. .. . 2 .
where A1, ..., A, are the eigenvalues of the Hermitian matrix (—323_ aMEk ), which are
702

real: A = (A1, ..., Ay ) € R". Note that the unitary transformation does not change
the differential form g = dd° ||z |2 . Therefore, it is easy to see that

(dd“w)* A B = kl(n — k) HX(w)p",

where H¥ (u) = > Aj, ... Aj, is the Hessian of the vector A = A(u) € R"
1<ji<..<jk<n
of dimension k.
Consequently, a doubly smooth function u(z) € CZ(D), D c C", is violent
m—subharmonic if at each point 0 € D we have

H*w)y=Hw) >0, k=1,2,....n—m+ 1. (2.2)

Note that the concept of a violent m-subharmonic function in the generalized sense
is determined in the general case.

Definition 2.1 A functionu € L 110 (D) is called sh;;, in the domain D C C", if itis
upper semi-continuous, #(z) > lim u(w) Vz € D and for any doubly smooth sh,,
w—>z

functions vy , ..., Vy_m € C2(D) [ shu(D) the following
ddu Addvi A ... Addvp_py A BT,
defined as

[dd°u A ddvi A ... Add vy, A B" ] (@)

23
= fuddvi A...AddVy_y A B Ndd°w,  w e FOO (23)

is positive.
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Blocki in the work [1] proved that this definition is correct, that for u € C 2(D)
functions this definition coincides with the original definition of sh,, —functions.
Moreover, in the class of bounded s#4,, —functions, the operators

ddwfAp™* >0, k=1,2,....n—m+1

are defined as Borel measures in the domain D (see [1, 6]).

2.2 m— Convex Functions

Now let D C R" and u(x) € C2(D). Similar to (2 2) we want to define m —convex
functions in the domain D C R". The matrix ( o, 8x ) is orthogonal, i.e.,

2 ..
Cu_ . _Pu . Therefore, after a suitable orthonormal transformation, it is
0x;0 X Oxpd xj°

transformed into a diagonal form,

A 0 ... 0

9%u 0 X ... 0
% 9

0x;0 x

0 0 ...A,

where A; = A (x) € R are the eigenvalues of the matrix (- o, Mk) Let

Hi(u) = Hy(L\) = > Aji ... Aj bethe Hessmns of k— dimensional of
1<ji<..<jk<n
the eigenvalue vector A = (Ay, A2, ..., Ap).

Definition 2.2 A twice smooth function u € C2(D) is called m—convex in D C
R*, u € m—cv(D), if its eigenvalue vectors A = A(x) = (A1(x), A2(x), ..., A, (x))
satisfy the conditions

m—cvﬂCz(D)={Hk(u)=Hk(A(x)) >0,VxeD, k=1,....n—m+1)}

at each point o € D.

Function theory of m —cv is not studied much and is a new direction in the theory
of real geometry. However, when m = 1 this class

L—cv()CHD) = {Hi(\) = 0} = {11 20,.... %, >0}

coincides with the class of convex functions in R”, and when m = n the class
n—cv() C%2(D) = {A1+, ..., Ay > 0} coincides with the class of subharmonic,
(sh) functions. The class of convex functions has been well studied (Aleksandrov
[8, 9], Bakelman [10, 11], Pogorelov [12], Artykbaev [20], etc.). For m > 1 this
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class was studied in a series of works by N. Ivochkina, N. Trudinger, X. Wang, S.
Li, H. Lu et al. (see [3-5, 13-19].)

The principle difficulty in the theory of m — cv functions is the introduction of
classm —cv(\ L lloc, i.e. the definition of functions m — cv(D) in the class of upper
semi-continuous, locally integrable or bounded functions. So, for m = n (the case
of subharmonic functions) in the class of upper semi-continuous, locally integrable
function u(x) € n — cv(D) is defined as a generalized function, and the Laplace

operator Au is a Borel measure.

2.3 Definition of Hessians for m — cv Functions

In this work, we establish a connection between m — cv functions and violent
subharmonic (sh,,) functions and using the well-known and rich properties of s/,
functions we give the definitions of Hessians Hy(u), k = 1,...,n — m + 1 for
m—convex functions, like Borel measures.

To do this, we embed R’ in CZ, R? C C’; =R} + iRgf(z = x +iy), as a real
n—dimensional subspace of the complex space C7.

Theorem 2.1 A twice smooth function u(x) € C*(D), D C R, ism —cvin D
if and only if the function u®(z) = u®(x + iy) = u(x), that does not depend on

variable y € R", is shy, in the domain D X Rg’

Proof Let us establish a connection between the Hessians Hy (1) and H* (u€). We
have

ou¢ 1 |:8uC Buc] 1 0u®
2

9z - ax; _Wj :Eﬁj’

8%uc

19 |:8u"]_1[ 9%uc N 9%u ]_1 9%u°
8zjf_)zk_25zk axj | 4 [oxdx;  dxdy; | 4dxpdx;

Thus,

9%uc 1 3%u
9z;0Zr  49x;0xk

and, therefore, Hy (1) = Hk(uc) and Hk(u) >0, k=1,....n—m+ 1, if and
only if H*u¢) >0, k=1,....n—m+ 1. O

Now, let u(x) be an upper semi-continuous function in the domain D C R’. Then,
u‘(z) will also be an upper semi-continuous function in the domain D x R C CZ.
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Definition 2.3 An upper semi-continuous function #(x) in a domain D C R} is
called m—convex if the function u€(z) is violent m-subharmonic,
u(z) € shy (D x R;).

If a function u(x) is bounded and m—convex in the domain D C R’ , then u°(z)
will be a bounded function that is violent m —subharmonic in the domain D x R; C
C;’. Therefore, the operators (ddcuc)k /\ﬂ”_k, k=1,2,...,n—m+1 are defined
like Borel measures in the domain D x R} C C7, ux = (ddCuc)k A k.

Since for a doubly smooth function (ddu* A BPF = kl\(n — k) H*u®)p",
then for a bounded, violent m —subharmonic function in the domain D x R; C C’;,
it is natural to determine its Hessians, equating them to the measure

keocy Mk _ 1 c. c\k n—k
B W) = ool = kg — ) A 24)

Using (2.4), we can now define Hessians HY k=1,2,....n—m+ 1, in the
class of bounded, m—convex functions in the domain D C R7.

Let u(x) be a bounded function, m—convex in the domain D C R’ . Let us define
Borel measures p; = (dd"u")k A ﬁ"‘k, k=1,2,...,n —m+ 1 in the domain
D x R;l, cc.

Since u® € shy (D x RY) does not depend on y € RY, for any Borel sets
E, C D, Ey, C R’y’, the measures ;,uk(Ex x Ey) do not depend on the set

mesEy
1

Ey C R;, ie. wesEy wi(Ex X Ey) = vp(Ey). We will call Borel measures vy, :
v (Ey) = ﬁﬂ“k@x x Ey),k = 1,2,...,n —m + 1, the Hessians Hy, k =
1,2,...,n — m + 1, for a bounded, m—convex function u(x) € m — cv(D) in

the domain D C R”. For a doubly smooth function u(x) € m — cv(D) ) C%(D),
the Hessians are ordinary functions; however, for a non-doubly smooth but bounded
semi-continuous function u(x) € m — cv(D) (L% (D), the Hessians Hy, k =
1,2,...,n —m + 1 are positive Borel measures.

From Theorem 2.1 and (2.4) the following result follows easily.

Theorem 2.2 A twice smooth function u(x) € C*(D), x € D C R” ism — cv(D)
if and only if

ddu® Addv§ A ... AddVi_,, A BT >0,

) (2.5)

VUi, ..., Up—m € m —cv(D) [ C=(D).

Note that Theorem 2.2 allows us to give a criterion for u(x) € m — cv(D) in the
class L! (D).

loc
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Definition 2.4 A function u(x) € L} (D) is called m—convex function in a

loc
domain D C RY, u(x) € m — cv(D), if itis upper semi-continuous and for any
doubly smooth m — cv(D) functions of vy, ..., v,_;, the following

[ddCu® Addv§ A ... AddV_, A B (w) =
= [uddv{ A... nddV;_, A" Addw, @€ FOOD x RY)
(2.6)
is positive.

Acknowledgments The research is financially supported by a fundamental grant 1L-5421101746
of Uzbekistan.

References

1. Blocki, Z.: The domain of definition of the complex Monge-Ampere operator. Am. J. Math.
128(2), 519-530 (2006)
2. Dinev, S., Kolodziej, S.: A priori estimates for the complex Hessian equation. Anal. PDE 7,
227-244 (2014)
3. Li, S.Y.: On the Dirichlet problems for symmetric function equations of the eigenvalues of the
complex Hessian. Asian J. Math. 8, 87-106 (2004)
4. Lu, H.C.: Solutions to degenerate Hessian equations. J. Math. Pures Appl. 100(6), 785-805
(2013)
5. Lu, H.C.,, Nguyen, V.D.: Degenerate complex Hessian equations on compact Kahler manifolds.
arXivmath:1402.5147
6. Abdullaev, B.I., Sadullaev, A.: Potential theory in the class of m—subharmonic functions (in
Russian). Proc. V.A. Math. Inst. Steklova Moscow 279, 166-192 (2012)
7. Abdullaev, B.I., Sadullaev, A.: Capacities and Hessians in the class of m—subharmonic
functions (in Russian). Rep. Acad. Sci. Russia. 448(5), 1-3 (2013)
8. Aleksandrov, A.D.: Intrinsic Geometry of Convex Surfaces. OGIZ, Moscow (1948); German
transl., AkademieVerlag, Berlin (1955)
9. Aleksandrov, A.D.: Dirichlet’s problem for the equation det(z;j) = ¢, Vestnic Leningrad
Univ. 13, 5-24 (1958)
10. Bakelman, I.J.: Variational problems and elliptic Monge-Ampere equations. J. Differ. Geo 18,
669-999 (1983)
11. Bakelman, I.J.: Complex Analysis and Nonlinear Geom. Ellip. Equat. Springer, New York
(1994)
12. Pogorelov, A. V.: Extrinsic Geometry of Convex Surfaces. Nauka, Moscow (1969); English
transl., Amer. Math. Soc, Providence (1973)
13. Caffarelly, L., Nirenberg, L., Spruck J.: Functions of the eigenvalues of the Hessian. Acta Math.
155, 261-301 (1985)
14. Trudinger, N.S., Wang X.J.: Hessian measures 1. Topol. Methods Nonlinear Anal. 10, 225-239
(1997)
15. Trudinger, N.S., Wang, X.J.: Hessian measures II. Anal. Math. 150, 579-604 (1999)
16. Trudinger, N.S., Wang, X.J.: Hessian measures III. J. Funct. Anal. 193, 1-23 (2002)
17. Chou, K.S., Wang, X.J.: Variational theoryfor Hessian equations. Commun. Pure Appl. Math.
5, 1029-1064 (2001)
18. Ivochkina, N., Trudinger, N.S., Wang X.J.: The Dirichlet problem for degenerate Hessian
equations. Commun. Partial Diff. Equ. 29, 219-235 (2004)



2 Definition of Hessians for m —Convex Functions as Borel Measures 19

19. Wang, X.J.: The k—Hessian Equations. Lecture Notes in Mathematics, vol. 1977 (2009)
20. Artykbaev, A.: Recovering convex surfaces from the extrinsic curvature in Galilean space.
Math. USSR-Sb. 47(1), 195-214 (1984)

21. Bakelman, I.: Geometric Methods for Solving Elliptic Equations, pp 178-307. Nauka, Moscow
(1965)



Chapter 3 )
Necessary and Sufficient Conditions for oo
Basis Properties of the System of Root
Functions of Sturm-Liouville Boundary

Value Problems with Eigenparameter
Dependent Boundary Conditions

Yagub Aliyev

Abstract In this study, Sturm-Liouville problems with a boundary condition
depending quadratically on an eigenparameter are considered. The necessary and
sufficient conditions for minimality and completeness of the chosen system of root
functions of the corresponding operator are given in two forms, one of which can
be done by direct computations. This computationally simpler way was discussed in
the literature for the affine case. But for the quadratic case it was done for a similar
boundary value problem only recently. The aim of the present paper is to fill this
gap for the quadratic case.

3.1 Introduction

In this paper, we study Sturm-Liouville problems with a boundary condition
depending quadratically on an eigenparameter

—y' +gx)y=xry, 0<x <1, (3.1
y(0)cos B =y (0)sinp, 0 < B <, (3.2)
y(1) = @\ + br + o)y’ (1), (3.3)

where A is the spectral parameter, ¢(x) is a continuous and real-valued function on
the interval [0, 1], and a, b, ¢ are real numbers.

We will study the quadratic case when a # 0. Affine case (@ = 0,b < 0) was
studied in [1]. In analogy with [1, 2, 4, 5, 7] it can be shown that the eigenvalues A,
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of the problem (3.1)—(3.3) tend only to positive infinity and the following cases can
take place: (a) all 1, € R and simple; (b) all A, € R and all, except Ay = Ak+1,
are simple; (c) all A, € R and all, except Ay = Agy1 = Ag42, are simple; (d) all are
simple and all, except Ay = Ar, are real. The eigenvalues 1, (n > 0) are listed with
respect to non-decreasing real parts and repeated if there are multiple eigenvalues.
Asymptotic formula for the eigenvalues A, and oscillations of eigenfunctions of
the boundary value problem (3.1)—(3.3), with more general rational function of A
in (3.3) were discussed in [3].

The necessary and sufficient conditions for minimality and completeness of the
chosen system of root functions of the operator were given in two forms, one of
which is more direct. This simpler way was known for the affine case [1]. The
present paper will extend these results for the quadratic case using the methods of
[2, 5]. In more general and abstract setting these problems were studied in [8—10].

3.2 Inner Products and Norms of Root Functions

We denote by y(x, A) a nontrivial solution of (3.1), for initial conditions
y(0) = sin B8 and y’(0) = sin 8. Then the characteristic equation is

o) = y(1,1) — (@r> 4+ bx +¢)y'(1, 1). (3.4)
If w(A,) = 0 then by (3.3), 1, is an eigenvalue of (3.1)—(3.3). If w(A,) = 0 and
' (Ay,) # 0, then A, is a simple eigenvalue. If o (Ag) = @' (At) = 0 and " (Ar) # 0,
then Ay = g4 is a double eigenvalue. If w(Ahy) = o' (M) = 0’ (Ak) = 0 and

@"” (M) # 0, then Ay = Agy1 = Ar2 is a triple eigenvalue. As usual (-, -) and |||
are inner product and norm in L, (0, 1), respectively.

Lemma 3.1 If y,, y, are eigenfunctions with eigenvalues hy, Ay (hn # Apm),
respectively, then

s ym) = (@hn + b + @)y, (D], (D).
Lemma 3.2 If ), € R then
1313 = @ann + By (D? + 3, (D& (un).
Corollary 3.1 If eigenvalue Ay = A1 is double or triple then
Iyel3 = Qare + b)yi (1.
Corollary 3.2 If 1, ¢ R, then

2
lly-1I3 = (2aRex, + b)|y, (D).
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Definition 3.1 If y, is an eigenfunction then let

2
By = llynll3 + (2aRe, + b)|y, (1],

Corollary 3.3 Eigenvalue A, is real and simple if and only if B,, = 0.

If Ax = Ak then let By = y]/((l)a)”()\k)/z. If At = Ag41 = Ak42 then let
Biia = y (D" (A1) /6.

Lemma 3.3 Ifi., As ¢ Rand s = A, then
(s ¥5) = Qady + D)y (D + (D ().
Definition 3.2 If A; = Ar41, then the 1st associated function yi is defined by
— Vi F 4 Va1t = McYia1 + Vi
Yi+1(0) cos B = i1 (0) sin B,
Yer1 (1) = (@A + bax + )y (1) + Qar + by (1).

Definition 3.3 If Ay = Axy1 = Ar42 then the 2nd associated function yg4» is
defined by

— Vi42 + G Yit2 = Ak Yig2 + Vi1
Yi+2(0) cos B = y;,(0) sin B,
Yka2(1) = (@A + bk + ©) Yo (1) + Qark + b)Yy (D) + ayi(1).

It is well known that associated functions are not unique in the sense that yi1+ Ayx
and yxy2 + By, for constants A and B, are also first and second associated
functions, respectively. It is also not difficult to check that the change of yx41 to
Yk+1 + Ayk, changes yii2 t0 yi2 + Aye1. If Ak = Akq1 (= Ag2) then for
y(x, ) and its derivatives with respect to A we can write limy_,, y(x, A) = yx,
limy 5, ya(x, &) = Vi1, Ak = Akgd (hm;tﬁ;\k Vi = 2yr+2), all umformly, where
k41 = Vi1 + Cyk, Fk+2 = Yit2 + Cyis1 + Dy, for some constants € and D.

Lemma 3.4 If A, # A = Aik+1, then
k415 Yn) = (@rg + b+ arp)yp (Dy, (1) + ay (1) y, (1),

k41, %) = Qark + by (Dye(D) + alyy(1)? + Bey1,
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Iyis113 = Qani + b) (g1 (1) + 2ayh (Dy; (1)

w”( X

+ Vs (D) + B2,

where Yit1 = Yitr1 — Cyr.

Lemma 3.5 If A, # A = Ait1 = k42, then
(Vk+2: Yn) = (@hi + b+ arn) g o Dy, (1) + ayg (D, (1),
k12, Y&) = Qark + b)y; (D y () + ay (D y (1) + Bigo,
Vkt2s Vi) = Qark + )y (D (1D + avi o (Dyp (D) + a(yi (1))?

i IV
+ ykﬂ(l)ﬂ + oy ( 2

2
Iyks2ll3 = Qarg + b)yj (D)7 + 2ay; Dy (1)

" 1V \%4 N
+yk+2(1) ( 0 +Yk+1(1)ﬁ yi(l)wléok)v

where Yi+2 = Yk+2 — Cok+1 — Dy

Lemma 3.6 [f Ay = Agy1 # Ar42 then there is a constant Cy, such that
Yig1 = Yk+1 + Ciyg satisfies

g1 Yea1) = Qark + b)Y (3 ) Dy (D+a (i) Dy (D +ay . (D y (D).
Remark 3.1 Note that

2Biy2 + Vi (D" ()
2Bj41 '

Ci=-—

Lemma 3.7 If .y = Aky1 = Ak42 then there are constants Cy and Dy such that
Yio1 = i1 + Coyr and yf, = iy + Cayiy1 + Diyy satisfy

Of 1 ) = Qar +b) 5 L)) (DY (D+a () Dy (D +ay; o (Dyp (D),
O i) = Qar+b) 3f 1) Dy (DHa(f ) Dy (Da () (D, (D,

OVfin Yk42) = Qark + D)) Dy (D) +a(f ) Dy, (D
+a(i ) Dy (D).
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Remark 3.2 Note that

yk+1(1)w )»k) (1) (}»k)

C =
Bk+2

T (DZRR 45 (D (e

By

3.3 Equivalent Minimality Conditions

Cases a and d.

Theorem 3.1 Ifall A, are simple (cases a and d), then the system {y,}
(n € Zso; n#1i,J), wherei, j € Z>o and i # j, is minimal in L1(0, 1).

Proof In case a, it is sufficient to show that there is a biorthogonal system
{un} (n € Zzo; n #1, )),
elements of which can be taken as

Yn (%) Y (1) Ay, (1)
yi(x) yi(D) ryi(D |,
() ¥ (1) Ajy;(D)

up(x) = Bads

where A;; = (A; — A;)yi(1)y;(1). Verification of (u,, yim) = 8um (n,m # 1, j),

where 8, is Kronecker’s symbol: 6,,, = 0if n # m and §,,, = 1, is done using the
results of the previous section.

In case d, if Ay = A,, then for the cases i, j £ r,s;i =71, j # 8,0 #r, ] = 5;

i =r, j = s itis necessary to change the biortogonal system accordingly (see [2]).

O

Case b.
Theorem 3.2 If Ay = A1 F# Ai42, then

{yn) (M €Zso; n #k, k+1),
() meZso; n#k+1,j),j€Z0,j#k k+1
{yn} M €Zso; n#1i,j),i,j €Z0,i,] #k,k+1,

are minimal systems in L, (0, 1).
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Proof 1In the first case the biorthogonal system is defined for n # k, k + 1 by

yn(x) vy (D) Anyy (1)
yie() v (D) My (D) . (3.5)
Vi1 () Yy (D Ay (D) + (D)

un(0) = g e

In the remaining cases, it is necessary to change the biorthogonal system accord-
ingly (see [2]). O

Theorem 3.3 If Ay = Ak41 # Ak2 then

{yn} (n € Zz0; n#k, j), j €Zz0,] # k., k+1

is a minimal system in L2 (0, 1) if and only if (y{, )" (1)(A; — Ax) # yp (D).

Proof We define the biorthogonal system as

) (D) dnyi(1)
un (1) = 2 | Vi ) OF) (D) ) (D + 3 (D |
AT IR 2y
forn #k,k+1, j,and
V@) oy My (1)
i1 (1) = o | 7 (00 O ) (D) MO )" (D) + 3D |
A I TCO N ACY 2y

where A;j = (hj — M) () (D) (1) — y,’((l)y}(l). If Azj = 0 then

W@ v )
2100 = | Y1 @) Yy (D) Ay (D) + 3 (1)
Y ¥ i

is orthogonal to all the elements of the system {y,} (n # k, j) and consequently
it is not complete in L;(0, 1). It is also not minimal in L7(0, 1) because otherwise
using its minimality in L»(0, 1), one can show that it is a basis of L, (0, 1), which
contradicts with its incompleteness in L, (0, 1) (see [2]). |

Remark 3.3 Note that (y;, ;) (1) (A — Ax) # y (1) if and only if (see [5])

~ ] 1 ///)\
&+ " (M)

rj— Mk T3 " (M)

Case c.
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Theorem 3.4 If A = Axy1 = Ak42, then
{vn} M €Zso; n#k+1,k+2),

v} mMeZso; n#k+2,j),j€Zs0,j Fk,k+1,k+2,

{yn} (n€Zzos n#10,)), 0] €Zz0,0, ] Fk,k+1,k+2,
are minimal systems in L(0, 1).
Theorem 3.5 If Ay = Agy1 = Ai42, then

() (n € Zso; n £k, k +2),

is a minimal system in L1 (0, 1) if and only if(y,iﬂ’(l) # 0.

Remark 3.4 Note that ( y,f +1)’(1) # 0 if and only if (see [5])

- 1 1V A
C+#-. @ "4

4 (UW()Lk)
Also note that if (yf, )’'(1) = 0, then

ye(x) v (1) Ay (D)
82(X) = | Y1) Y (D Ay (D + y (D |,
Vit2() Vi (D Aeyya (D) + vy (D

is orthogonal to all the elements of the system {y,} (n € Z>o; n # k, k + 2).

27

Theorem 3.6 If Ay = Aiy1 = Ak4a, then {y,} (n € Zso; n # k,k+ 1) isa

minimal system in L2(0, 1) if and only if ()" (1)* # v, (D (F,) (D).

Remark 3.5 Note that ((y, )'(1))? # y,(1)(y},,)'(1) if and only if

~ ~ (~ 1 oV 1 oV(x
D#C- C__.w—(k) _|__.w(k).
4 w00 ) T 20 W Gn)

Otherwise, g»(x) is orthogonal to all the elements of the last system.

Theorem 3.7 If Ay = Ag+1 = Aky2 then

() Me€Zsos nEk+1,)),j €250, ] £k k+1,k+2,

is a minimal system in Ly(0, 1) if and only if(y,fH)/(l)()\j — M) # (D).
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Remark 3.6 Note that (v, )'(1)(A; — &) # y; (1) if and only if

1 +1 oV ()
ANi—M 4 00w

C #

Note also that if (yf, )’ (1)(; — Ax) = y;(1), then

ye(x) (1) My (1)
g3(x) = | Yk+1(0) Y (D) Ay (D + y (D |
y;j(x) y}(l) )»jy}(l)

is orthogonal to all the elements of the system {y,} (n € Z>o; n #k+ 1, j).
Theorem 3.8 If A = Aky1 = Ak42, then

{n} (W €Zs0; n#k, j), jE€Zso, jFk,k+1,k+2,
is a minimal system in L»(0, 1) if and only if (y}_,)' (D(j — M) # (vF, /(D).

Remark 3.7 Note that (yf,,)' (1)(A; — Ax) # (¥}, ;) (1) if and only if

~ 1 1 o'V () ~ 1 o'V 1 oV
b# (x,- — Ty " (h) ) ' (C T4 W w0 > T30 " ()

Note also that if (yf, ;)" (1)(A; — Ax) # (¥f, ;) (1) then

@ oy My (1)
ga(x) = | yi L0 OF L)' (D) MG L) D+ G )M |,
yj@) Y (1)

is orthogonal to all the elements of the system {y,} (n € Zso; n #k, j).

All the minimality results in this section can be generalized to basis properties in
L,(0,1) (1 < p < o0) using the method of [2].

3.4 Example

We are going to apply the obtained results to the following example:

—y' =iy, 0<x <1,

0)=0, y(1) = 2—k2 » 1)y (1)
y(0) =0, y( —(15+3+>y .
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For this problem y(x, ) = sin v \}/Xxx and

sin /A 222 A
M= —2 (424 .
@) NG (15 3 )COS\/_

We calculate the limits

34 116
o N/ _ 177 _ 1A% — _
w0) =0 (0)=w"(0) =0, w (O)——los,a) 0) —945,w

221

Vv _
= 10395°

So, Ag = A1 = Ap = 0 1is a triple eigenvalue and the remaining eigenvalues A, > 0
(n =3,4,...) can be determined from w(A) = 0, which can also be written as

tan/A 202 A
=—+_-+1
NA 15 3

Note that Az =~ 22.179568975. For numerical methods of approximation of
eigenvalues for such problems see e.g. [6]. The corresponding eigenfunctions are
Yo = X, ¥p = siny/Ayx (n > 3) and associated functions are y; = —%x3 + Cx,

Yo = ﬁxs +C (—%x3 + Cx) + Dx, where C and D are constants. We also find

limits y; = —%x3, Yy = ﬁxs, which means that C = —C and D = —D.
By Theorem 3.5, the system

1
{yn} (n € Zsp; n#0,2) = {—g;ﬁ + Cx, siny/Apx (n > 3)}

is minimal in L, (0, 1) if and only if

o'V 29

1
4 W"0) 306

™\

#

which can be written as C # %. If C = %, then

yo yo(1)  doyp(1) | | 5
200 = |1 YD) Aoy| (D) + (D) | = —==x" — =27 + —

1200 127 24
y2 ¥y (1) Aoyy (1) + yi (1)

is orthogonal to all the elements of the system {y,} (n € Z=o; n # 0, 2).
By Theorem 3.6, the system

{yn} (n €Zz0; n#0,1)

1 1
= {%xS +C (—8x3 + Cx) + Dx, siny/Apx (n > 3)}
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is minimal in L, (0, 1) if and only if

"V (0) 1 (0
> + % ) w///(o)’

~ 1
D#C-(C—~-
* ( 4 w"(0)

which simplifies to D # —C? + 320960 —~ 3520 If D = —C2 + Z¢C — 5%; then the

same function g>(x) = ﬁxs 12x + 24 is orthogonal to all the elements of the

system {y,} (n € Z=o; n # 0, 1).
By Theorem 3.7 (take j = 3), the system {y,} (n € Z>o; n # 1, 3) i.e.

1 1
{x, —X +C<—8x +Cx>+Dx sin/ A x(n>4)}

120

is minimal in L»(0, 1) if and only if € # £ + 1. 270 which is equivalent to
C # — +306 IfC=- A +306,then

yo yo(1) Loy (1)
g3(x) = | y1 y1(1) 2oy (D) + yo(1)
y3 y5(1) A3y5(1)

X 1 0
= —%x?’ + Cx —% +C 1
Sina/A3x /A3 8in+/A3 ,/Ag sin /A3

is orthogonal to all the elements of the system {y,} (n € Z>o; n # 1, 3).
By Theorem 3.8 (take again j = 3), the system {y,} (n € Z>0; n # 0, 3) i.e.

1+C1+C1+C +D Vinx (n=4)
6x X 120)6 6)C X xsm X (n

is minimal in L3 (0, 1) if and only if

D#( 1 wIV(0)> (5 1 IV(0)>+i.wV(O)
4 w"(0) 4 070 ) 20 &)
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which simplifies to D # (;—3 - %) : (C — %) — %. Otherwise, using C, =
—-2C + 19713 we find that

yo (1) r0yp(1)
ga(x) = |y OFY () 2GH (D) + GH ()
y3 ¥5(D) A3y5(1)
X 1 0

= | y2 4+ C2y1 + D1yo y5(1) + Cayj (1) 4+ D1yo(1) yi(1) + Cayj(1)
Sin o/A3x VA3 sin/A3 ,/Ag sin /A3

X 1 0
5 3
—|&-C+opit LS licto

sin 4/A3x A3 sin /A3 ,/Ag sin 4/A3

is orthogonal to all the elements of the system {y,} (n € Z>o; n # 0, 3).
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Chapter 4

Asymptotic Analysis of Sturm-Liouville oo
Problem with Two-Point Boundary

Conditions

Artiiras Stikonas

Abstract We investigate the characteristic equation for Sturm—Liouville problem
with one classical Robin type boundary condition and another two-point nonlocal
boundary condition. Finally, we obtain asymptotic expansions for eigenvalues and
eigenfunctions.

4.1 Introduction

Consider the following one-dimensional Sturm-Liouville equation
—u"(t) +qOu) = ru), tel0,1], (4.1)

where the real-valued function ¢ € C[0, 1]; A = s is a complex spectral parameter
and s = x +1y; x, y € R. We will use the notation

1
q0 =2 [y la(@ldr, Q) = 5 [y g(@)d.
We shall investigate Sturm—Liouville Problem (SLP) which consists of Eq. (4.1)
on [0, 1] with one classical (local) Robin type Boundary Condition (BC)
cosa u(0) +sina u’(0) =0, « e (0,n), 4.2)

and another two-point Nonlocal Boundary Condition (NBC)

(Case 1) u'(1) = yu(®), £ €[0,1],
(Case 2) u'(1) = yu'(§), £€l0,1), (4.3)
(Case 3) u(l) =yu(), £€[0,D),
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where y € R. We consider the Dirichlet and the Neumann BC:

(Cased) u(0) =0,

4.4)
(Casen) u'(0) =0,
too. The Sturm-Liouville problem (4.1), (4.3) in Case 3, (4.4) in Case d was
investigated in [2, 5], the Sturm-Liouville problem (4.1), (4.3), (4.4) in Case n was
investigated in [4].

4.2 Asymptotic Expansions for Initial Value Problem

In this section we present some statements about solution of IVP. These statements
were proved in [3]. We will use them for investigation of asymptotic expansions
for SLP (4.1)-(4.3). Additionally, we introduce some notation related to our
asymptotical analysis of this problem.

Let A = 52,5 € C, and wys (t) be a solution of Eq. (4.1) satisfying the initial
conditions

Was (0) = sina, w,,(0) = —cosa. (4.5)

The function w(?, s, ) = wy,(¢) is an analytic (holomorphic) function of s and this
function satisfies boudary condition (4.2). We denote ¢;(¢) := wos(t) = w(t, s, 0)

and Y (1) = wr 2,5 (1) = w(t, s, w/2).
The following integral equation holds [1, 6]:

sin(st)

t
Was (t)—% /0 q(7)sin (s(t—r))a)m(t)dr = sin«a cos(st)—cos o 4.6)

Under the condition that g € C"[0, 1], r € Ny := NU{0}, asymptotic expansions
may be obtained for ¢, (¢) [3] and ¥ () [4]. We will use recursive formula

1 [t L@l D@ + (=1)igpl_ Dt (0)
p?+1(t)=—5/0q(r)p?<r)dr— > = S :

j=2+e
4.7)

Lemma 4.1 (See [3, Lemma 7]) Lets € C; and g € C"[0, 1]. Then for |s| > qo
we have the asymptotic expansions

r—+1
s i )
(@) (t,5) == pi) cos<sr +50 - l))s‘f +O(s TR,
j=I1
(4.8)
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(wé)ﬁ”(t, 5) = — Z l;jl(t) COS<st + %(] _ l)>s_j + O(S—(r+1)e(r+2)|y|t)
j=0
4.9)

Jor 1 € No, where pf(t) = —ip{~ @), pf(t) = (1 = pfT| &) —1pf '), i =
2 H L pE) = —tpy M0, pFO) = (1 =D)p! S O =1 @), i =T r kel
P = pY(6) = py (@), i = 1,1, pg(t) = 1, and p)(t) is calculated by (4.7) for
i =1,r with plo(t) =—landpo =0.

Proof Let w;(t) be a solution of Eq. (4.1) satisfying the initial conditions
ws(0) =0, w,(0) = —1. (4.10)

In this case, we have equation
1.
ws(t) = —— sin(st)
s
1 t
+—/ q(v)sin(s(t — 1))y (t)d T. 4.11)
s Jo

Put wy (1) = e Fy (1), (w5)l(t, 5) = eP' Gy (1), 0. (1) = e K (2). Let
s = maxo<;<1 | Fs ()], vy = maxo<;<1 |Gy (?)], 2s = maxp<,<1 |K;(#)| and
qo = 2[01 lg(t)| dz. We have

—1 —1
S ¢ S V .
e < Is| 2qom s b < Is| 2q<> s +|s|_1<1+q02m +m~>,

—1
S (of
s§|| 4005
2

+ |s|—1(1 + qovs + 152 +2vs>.

If |s| > qo, then
s <2ls|7'=0(s7"), v <IsIT @+ qops +200) =0(s7'), (412)
oy < 151712 + 2q0vs + qotts + 4vs) = O(s 7). (4.13)
It follows that »%; < 1 + gous/2 = O(1) and
Fy(r) = —sin(st)s e 7P 4+ 0(s72), K,(t) = —cos(st)e 1 + O(s ™),

Gy(r) = —t cos(st)s e Pl + O(s72).
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So, we prove asymptotic formulas

ws(t) = — sin(st)s ™! —i—O(s_zelylt), (4.14)
()} (1, 5) = —t cos(st)s ' + O(s~%ePI"), (4.15)
W (t) = —cos(st) + O(s~'el!"). (4.16)

These formulas hold uniformly for 0 < < 1.
Let f € C'[a, b], t € [a, b] C [0, 1]. Then, the following asymptotic formulas

1
/ f(r)cos(2st — st)dt
0

o o .
fV@ - =D o) ik el
) ; (2s)! COS(SI * 7) +O0(s7e),  @17)

!
/ f(r)sin(2st — st)dt
0

o oo
_ /PO DO ul e
_ l:ZI oy sm(st + 7) +O0(s ") (4.18)

are valid.
Under the condition that ¢ € C”[0, 1], r € N, the more exact asymptotic
formulas can be obtained

r+l1
1 .
ws(t) = — Z pj() Cos<st + 5nj>s_f +O(s ™2, (4.19)
Jj=1

r 1 )
wl(t) = — Z pi(t) cos(st + 5nj>s_/ +O(s ™A, (4.20)
j=0

r+l1
1 .
(w)h(t) = — Zp]‘.(;) Cos(s, + Eﬂ(j _ 1))s1 + O(sf(r+2)e(r+2)|y\t)7
j=1
“4.21)

where p1 (1) = —1, po(t) = 1, pj(t) =1.
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Now we derive formulas for p;, j = 2,r + 1. We can use the mathematical
induction. Let us substitute

ws(t) = — Z pj(t) cos(st + %j)s—j 4 O(S—(r+1)e(r+1)|y\t)
j=1

r+1
== 2 Pii® Si“(” + %j)sj“ LO(s~ I (42)

j=2

into integral in the right-hand side of (4.11):
e )

Z S_]f q(t)pj—1(r)sin(st — s7) Sin(sr + E]) dr
j=2 0
+ O(s*(r+2)e(r+2)|y|t)'

Then we rewrite the sum

r+1

1! s .
ZE/ q(f)p;—l(f)dTCOS<st+Ej)s‘/
j=27"0

r+1

Ty ot
— Z COS(z'J) / q(f)pj—l(f) COS(ZS‘L’ — St) dt
; 2sJ 0
j=2
r+l . 7.
sin(%j) [! '
+ ; 2s2j /0 q(m)pj—1(r)sin(2st — st)dt

and apply (4.17)~(4.18) for p;_ € C" /%2, j =2, r + I

r+1

1 [t . y
Z 3 / q(@)pj_1(r)dt Cos(st + %j)s’ + O(Sf(r+2)e(r+2)|}\t)
; 0
j=2

r+lr—j+1 T . i—1) —(—1)¢ ; =1
cos(57) (gpj-D"" () — (=Di(gp;-)~P(0) < Z-)
+j§2 ; = ) a5y cos| st + 21
. il_fl sing /) (gps- )"0+ (Digp; VO (T
2sJ (Zs)i 2/

j=2 i=1
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We look for terms near stV ie.i +j=r+1,

n(r—i—l))
2

t
%/ q(T)pr(r)dr cos(sl +

=
+Z(qp, DA U) Cos(st+n(r2+1)>

r—j+2

" (—=1) N G
" Z (=1 (qzljj_;i)z (V) cos(ﬁ . n(r2+1)>
j=2

= —pr+1() cos(st + n(rz—}—l)).

So, we prove recursive formula (4.7) and prove formula (4.8) in the case [ = 0.
The following formulas

sm(st) 1) —
SR e

—IZ( 1)U/2J< )I’(x g, @),

()P (t,5) =

I ! . ;
@)t 5) = LD > (=i (’.)ﬂ(z, q. @), TeN,
as pars j
are valid, ng—Z — ]2k_2,I2k 1 J2k 1 jZk 2 JZk 2 j—2k 1 12k 1 k EN
t
15,9, ) = / ()t — 1) sin (st — 1) f() .
0
t
JE@e, g, ) =/ q(0)(t — )  cos (s(t — 1)) f(7) dr,
0
t
Ift.q. )= / q(0)(t — 0¥ sin (st — ))e ™ f(r) dr,
0

t
J5t,q, ) = /0 ()t — 1)* cos (st — r))e*‘yl(’*’)f(r) dr.

Taking derivative with respect to t and s in (4.11), we get
W (t) = —cos(st) + J2(t, g, wy), (4.23)

()} (t,5) = —tcos(st)s ™" + (12(t, q, ()}) + I} (1, g, w5) — w5 (1))s ™!
(4.24)



4 Asymptotic Analysis of Sturm-Liouville Problem with NBC 39

Let us substitute (4.22) into integral Js0 (t, g, wy) in the right-hand side of (4.23).
Then we get formula (4.9) in the case / = 0. If we substitute (4.19) and (4.21) into
integrals 10(¢, g, (wy)}) and J1 (¢, q, w5) = JO(t, q(T)(t — T), wy), then from (4.24)
we get recursive formula ( pl1 =1

L i (qpt_ D@ — (=Di(gp!_ )= (0)
Pl ==3 [ ooplcodr = Y A
J:
L " (G0 = (=1 (G-I 0)
+§/0 Q(T)Pi(f)dl’—z; ] i J
j:
—pi0, i=Tr §@i=401)=q@0 -0 (4.25)

We proved formula (4.8) in the case [ = 0, 1 and formula (4.9) in the case [ = 0.
The other cases we can prove by mathematical induction by /.

O
Lemma 4.2 (See [4, Lemma 9]) Let s € C; and g € C"[0, 1]. Then for |s| > qo
we have the asymptotic expansions
r pu '
WPt 5) ==Y pio cos<sr +50 - l))s‘/ +O(s 7Dl I,
j=0
(4.26)
r—1 T .
WPy =- > plo cos(sr + 50— l>>s‘f +O(s "I
j=—1
(4.27)

forl € Ny, where p(’g(t) = —1pt '), plk(t) =(1— i)pk_l(t) i), i =T,
pE @) = —1p T @), pF@) = (1—l>p L) —tpf 0, i =0r =1Lk eN,
_.O(t) = pO/(t) pl+1(t) i=0,r—17p° 1(t) =1, and pj(t) is calculated by (4.7)
fori=0,r—1 1w1thp0(t)_—1andg_—1

-d,/

We will use an additional index to distinguish cases: p ; (t) p; (t) (in Case d),

p f (t) 13‘; l(t) (in Case n). So, we get asymptotic expansions for function wy.

Lemma 4.3 Lets € Cgand g € C"[0, 1]. Then for |s| > qo we have the asymptotic
expansions

,
(a)as)gl)(t, 5) = — Z pi- (1) cos (st + %(j — l))s_j + O(s_(r+1)e(r+2)‘y|’),
=0
(4.28)
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r—1

(a)(/m)gl)(t, §)=— Z ﬁjl-(t) cos(st + %(j — l))s‘j + O(s—re(r+2)|y\t)
j=—1
(4.29)

forl € Ny, where

po(t) = sina - pg’ (1), ply(6) = cosar- p§'(6) +sine - pi (1), j =T 7, (430)

pLy(6) =sina - p{ (1), p (1) = cosar - 5 (1) + sine - (), j = 0,7 — 1.
4.31)

IfgeC 10, 1] and & € (0, ), then we have asymptotic expansions:

Was (1) = sina - cos(st) + (— cosa +sina Q1)) sin(st)s ' + O(s~2e?1Y),
wps(t) = —sina - sin(st) s + (— cosa + sina Q (1)) cos(st) + O(s_le3|y|’).
Lemmadd Letx € Rf, § € R, g € C"[0,1], Q;(x), j = 1,7 be bounded

?u;lctio'ns. Ifs = x + s, 8 = P Q;(x)x™/ + O(x=TD), then we have the
ollowing asymptotic expansion

was () = Y Rj(t, x)x 7 +0(x~"*Y),
j=0

Ro(t,x) = sina - Rg(t, x), Rj(t,x)=cosa- R?(t, X)+sinc - R;’(t, x), j=1,r,
and functions (m = O,_r)

RS (6, x) == Y oo pf () cosat + (G — 1) 0] () -+ Qi (),

ny+..+nm=l, j=1,
JAnyp+2ny+..+mny=m+1

1 n,l . n
Ry (1,0) = =) o pl (1) cos(xt + 5 = 1) Q' (x) -+ Qi (x).
ny+..4+nm=l, j>0,
JHnyp+2np+..Amny=m

Proof The proof follows from asymptotic expansions for ¢, (¢) [3] and ¥, (¢) [4].
O
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4.3 Asymptotic Expansions for Characteristic Equations

Substituting wys (¢) into (4.3) we get the characteristic equation

(Case 1) ho(s) = w) (1) — ywus(§) =0,
(Case 2) ho(s) = w) (1) — yaw, (&) =0, (4.32)
(Case 3) ho(s) = was(1) — ywas (§) = 0.

Let’s us define functions:

(Case 1) hli(s) :=yp(E)cos (s + 5 (j — D) — pj(1)cos (s + 5 (j — 1),
Jj=0,r—1,h" (s):=—p' (Dsin(s — ZI) = (=)

sin o sin (s — %l),

(Case2) hl(s):=ypiE)cos(&s+5(j—D)— pr(lcos(s +F(j — D).

j+1=07, (433)

(Case3) hl(s):= yp'i(&)cos(&s + Z(j — D) — pli(Dcos (s + F(j — D).
j=0,r,
where functions pé and p ]l are defined by formulas (4.30)—(4.31).

We will use the notation: p = —1, ax := (k — 1/2) in Cases 1, 2; p = 0,
ap = (k—1minCase 3,k € N.

Lemma 4.5 Suppose |y| < 1in Cases 2 and 3. Then |hg(ak +1y)| = el > 0.

Lemma 4.6 Suppose |y| < 1 in Cases 2 and 3. There exists B > 0 such that
|hg(s)| > kel Kk > 0 for|y| > B.

Lemma 4.7 Let s € Cs; and g € C’[0, 1]. Then for |s| = qo the asymptotic
expansion

r+p
h{(s) = Zhlj(s)s_j + O(s~ PR (4.34)
j=p

is valid, | € Ny.

Let us consider positive s = x > 0,¢ € C"[0, 1], r > 1. We investigate equation
he(x +6) =0, 6 € R, with additional condition

|l (x)| = % > 0. (4.35)
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Lemma 4.8 Suppose |y| < 1 in Cases 2 and 3. Ifhg (x) =0, then (4.35) is valid.
The constant x is the same for all such x.

Let’s denote the function Q;(x) = 1 +p ()c)(h1 (x)) ' If functions
Q1, ..., Ok_ are defined, then we can find functions
; 101 @05 ()
a = Y R0 S e =Tk -
ny+..tng_q=i, j=0,

JAnp+2ny 4. Ak—Dng 1=l

'Z)ll x .“Z)lk71 X
Qi(x) = 3 kY, ) oy LS )

nyleng—q!
ny+..Ang_1=L, j>0,
JHny+2ny+. +k—Dng_ 1=k

Lemma 4.9 Ifqg € C"[0, 1] and § = 0o(1), hg (x) = 0, then asymptotic expansion
r .
§=_0;x)x +0(x""*) (4.36)
j=1

is valid, where Q j(x), j = 1, r, are bounded functions.

Proof Formula (4.36) is valid for r = 0. So, § = O(x~!). If r = 1, then

0=h(x+8) =h(x)+h'(x)s§+h"(x+608)8%/2, 6¢l0,1],

we have hij (x)x 8 = —h)_ ()x "' TP+O(x27F),ie. 8 = Q1(x)x ' +O(x7?).
We derive equations for Q;, j = 2,r, r > 2. Suppose that § =

2;;11 Q;(x)x™/ +O(x"). Substituting (4.34) in the case y = 0 into equality

r—1
= h(x +8) = h(x) +§ Zh(’+1)(x)
i=0

h+D(x +66)
G+ 1! (r + D!

s 6 €10, 1],

0 X
we get Z(x)8 = h (x)x"’(Z§- phj)x= + O(x_(H_l)))’ hj(x) = _h(;;:r/();)))’

P
1<j<r Zx) :=h(x)x(1-YZ 1 2k (@)x T +0(x7"). So

r r ny ne_1
_ . 1! g (-2, () —(r+1)
8 - Z Z h] (x) Z nyleny_q! : xj+n]+2112+.“+(r71)nr7] + O(x ] )

j=11=0 ni+..4n,_1=l

Collecting terms near x~" (i.e. j +ny +2n2 + ... + (r — Dn,—1 = r) we get

Or(x). O
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4.4 Spectral Asymptotics for Eigenvalues and Eigenfunctions

In this section we assume, that || < 1 in Cases 2, 3. Let us denote domains Dy =
{s € C: |x| <ax, |yl < ar}, Dsg = C; N Dg, k € N (k > 1 in Case 3), contours
Ty = Cy N 0Dy, and intervals Iy := (ax, ax+1) C Dy 41 ~ Dgr, k € N.

Lemma 4.10 Suppose |y| < 1 in Cases 2 and 3. If g € C|0, 1], then it follows
that the number of zeros of functions hy(s) and hg (s)s~" is the same inside Ty, for
sufficiently large k.

Proof We have hy(s) = hY(s)s™* + O(s~'~Pell). Using Lemmas 4.5 and 4.6 we
estimate |O(s_1_pe‘y|)| < cqls|7 Pel! < min{k, x}|s|PeP! < |hg(s)s_p| on the
contours [y for sufficiently large k. Therefore, by Rouché theorem it follows that
the number of zeros of A, (s) and hg (s)s~# are the same inside ['s; for sufficiently
large k. O

From Intermediate Value Theorem at least one root of the function /4 (s) lies in
I for sufficiently large k. So, s is real root for such k.

We have s; ~ x; ~ mk (ask — 00). Then ha(sk)~s,f = hg(sk)—i-O(k_l) = 0and
limy s o0 hg(sk) = 0. The function hg is analytic and has one root in I;. Additionally,
|h;)(xk)| > k > 0 (see Lemma 4.8). Therefore, sz — x; as k — oo or §x = o(1).

Theorem 4.1 Let g € C"[0, 1]. For eigenvalues Ay = s,% and eigenfunctions uy of
problem (4.1)-(4.3), we have the asymptotic expansions

.
sk=2xc+ Y 0jx + 0%k D), (4.37)
j=1
r .
up(t) = Z Rj(t, xi)x, ) + Ok~ D) (4.38)
Jj=0
for sufficiently large k.

References

1. Levitan, B.M., Sargsjan, I.S.: Sturm-Liouville and Dirac Operators. Kluwer, Dordrecht (1991)

2. Sen, E., Stikonas, A.: Asymptotic distribution of eigenvalues and eigenfunctions of a nonlocal
boundary value problem. Math. Model. Anal. 26(2), 253-266 (2021). https://doi.org/10.3846/
mma.2021.13056

3. Stikonas, A., Sen, E.: Asymptotic analysis of Sturm—Liouville problem with nonlocal integral-
type boundary condition. Nonlinear Anal. Model. Control. 26(5), 969-991 (2021). https://doi.
org/10.15388/namc.2021.26.24299

4. Stikonas, A., Sen, E.: Asymptotic analysis of Sturm-Liouville problem with Neumann and
nonlocal two-point boundary conditions. Lith. Math. J. 62(4), 519-541 (2022). https://doi.org/
10.1007/s10986-022-09577-6


https://doi.org/10.3846/mma.2021.13056
https://doi.org/10.3846/mma.2021.13056
https://doi.org/10.3846/mma.2021.13056
https://doi.org/10.3846/mma.2021.13056
https://doi.org/10.3846/mma.2021.13056
https://doi.org/10.3846/mma.2021.13056
https://doi.org/10.3846/mma.2021.13056
https://doi.org/10.3846/mma.2021.13056
https://doi.org/10.15388/namc.2021.26.24299
https://doi.org/10.15388/namc.2021.26.24299
https://doi.org/10.15388/namc.2021.26.24299
https://doi.org/10.15388/namc.2021.26.24299
https://doi.org/10.15388/namc.2021.26.24299
https://doi.org/10.15388/namc.2021.26.24299
https://doi.org/10.15388/namc.2021.26.24299
https://doi.org/10.15388/namc.2021.26.24299
https://doi.org/10.15388/namc.2021.26.24299
https://doi.org/10.1007/s10986-022-09577-6
https://doi.org/10.1007/s10986-022-09577-6
https://doi.org/10.1007/s10986-022-09577-6
https://doi.org/10.1007/s10986-022-09577-6
https://doi.org/10.1007/s10986-022-09577-6
https://doi.org/10.1007/s10986-022-09577-6
https://doi.org/10.1007/s10986-022-09577-6
https://doi.org/10.1007/s10986-022-09577-6
https://doi.org/10.1007/s10986-022-09577-6

44 A. Stikonas

5. Stikonas, A., Sen, E.: Asymptotic analysis of Sturm-Liouville problem with Dirichlet and
nonlocal two-point boundary conditions. Math. Model. Anal. 28(2), 308-329 (2023). https://
doi.org/10.3846/mma.2023.17617

6. Titchmarsh, E.C.: Eigenfunction Expansions Associated with Second-Order Differential Equa-
tions. Clarendon Press, Oxford (1946)


https://doi.org/10.3846/mma.2023.17617
https://doi.org/10.3846/mma.2023.17617
https://doi.org/10.3846/mma.2023.17617
https://doi.org/10.3846/mma.2023.17617
https://doi.org/10.3846/mma.2023.17617
https://doi.org/10.3846/mma.2023.17617
https://doi.org/10.3846/mma.2023.17617
https://doi.org/10.3846/mma.2023.17617

Chapter 5

Characterization of the Constant Sign of g
a Class of Periodic and Neumann Green’s
Functions via Spectral Theory

Alberto Cabada (® and Lucia Lopez-Somoza

Abstract In this paper, we characterize the regions of constant sign of the Green’s
fucntions related to operator 7,,[p, M]u(t) = u™ @) 4+ pu=2 (1) + M u(r), with
n being an even number, n > 4, and p < 0, coupled to periodic or Neumann
boundary conditions. The results generalize the situation considered in Cabada and
Lépez-Somoza (Differ Equ Appl 14(2):335-347, 2022) for the particular case of
p=0.

5.1 Introduction and Preliminaries

The study of nonlinear Boundary Value Problems is closely related to the constant
sign of the solutions related to the linear part of the studied equation. Such constant
sign is fundamental to develop the method of lower and upper solutions [4], the
monotone iterative techniques [5] or the existence of solutions defined in suitable
cones [7]. Such property is equivalent to the constant sign of the related Green
function [8]. Due to the difficulty in obtaining the exact expression of such functions
and that, in case of having such expression, it is very difficult to manage it, to
develop a theory that allows us to know when the Green’s function has constant
sign in a direct way, without necessity of obtaining its expression, is of a great
importance (see [6, 8, 9] and references therein for the Hill’s equation). In this paper,
we consider an even order periodic equation and extend the results obtained by the
authors in [3] to a more general situation. So,let 7 > 0, p <0, M e Randn € N
an even number, n > 4, be given. Consider the n-th order linear operator

Tolp, Mu(t) :=u™ @)+ pu2@)+ Mu@), forallr el :=][0,T].
(5.1)
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Definition 5.1 Given a Banach space X C C"(I), operator T,[p, M] is said to be
nonresonant in X if and only if the homogeneous equation

T.lp, Mlu(t) =0 forall r el, ueX

has only the trivial solution.

Definition 5.2 Given a Banach space X C C"(/) and M € R, we say that A € Ris
an eigenvalue of operator 7, [p, M] in X if and only if the homogeneous equation

T,[p. M+ Xu()=0 forall tel, ueX

has non trivial solutions.

It is very well known that if operator 7, [ p, M] is nonresonant in X then, for any
o € C(I), the non homogeneous problem

T.lp, Mlu(t) =o(t) foralltel, uelX

has a unique solution given by
T
u(t) = f Glp, M, T1(t,s)o(s)ds, foralltel.
0

Function G[p, M, T] is the so-called Green’s function related to operator
T.[p, M] on X. See [1] for details.
Now we introduce the concept of inverse positive and inverse negative operators.

Definition 5.3 Operator 7,[p, M] is inverse positive (negative) in X if and only if
the related Green’s function G[p, M, T] > 0 (G[p, M, T] <0)on I x I.

Thus, the Banach space X for the periodic boundary conditions becomes
Xpy=fuecn@y: u©=u(), j=0,... n—1},

and the corresponding Green’s function is denoted by Gp[p, M, T1].

As a direct consequence of [1, Theorems 1.8.5 and 1.8.9, Lemmas 1.8.25 and
1.8.33], since M = 0 is the main eigenvalue of 7,,[p, 0] in X’I')’T (the corresponding
eigenfunctions have constant sign in ), which implies that G p[p, 0, T'] does not
exist, we deduce that for any p < 0 given, there are M1(p) < 0 < M»(p) (or
M(p) = —oo and/or M(p) = oo) for which M Gp[p, M, T] > Oin I x I if
and only if M € (M1(p), M2(p))\{0}. Moreover, if M1(p) < 0 (M2(p) > 0), then
it is not an eigenvalue of operator 7,[p, 0] in X ’},’T and the nonpositive function
Gplp, Mi(p), T] (nonnegative function G p[p, M2(p), T]) vanishes at some point
of I x I. Furthermore, function G p[p, M, T] is monotone decreasing with respect
to M on [M;(p), 0) (0, Ma(p))).
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In the sequel we will prove that M1 (p) < 0 < M>(p), i.e., the set of values for
which operator 7,,[p, M] is inverse positive (negative) in X, 7 is not empty. Before
this, we will enunciate the following very well know result (see [1, Section 1.9] and
references therein):

Lemma 5.1 The following properties are verified:

1. Operator T»[0, M] is inverse negative in X%’T if and only if M < Q.
2. Operator No pu=u"—2Au' + (A% 4 B?) u is inverse positive in X%, r ifand
b4

onlyif 0 < B < T

3. Ifthe linear operators L1 and L are either both inverse positive or both inverse
negative operators in X ?’,T and X ’;,”T respectively, then LioL is inverse positive
: n+m
in Xp'r-

4. If the linear operators L1 and Ly are, respectively, inverse positive in X ’},’T and

. . . m .. . . n+m
inverse negative in XP’T, then L1 o Ly is inverse negative in XP’T .

Let us prove now the aforementioned result. The proof uses similar arguments to
the ones used in (see [1, Section 1.9] and references therein) for the particular case
of p = 0. It consist of rewriting the n-order operator as the composition of n/2
operators of second order.

Lemma 5.2 Let n > 4 be an even number and p < 0. Then there exist M1(p) <
0 < M>(p) such that T, p, M] is inverse negative in X’;,ﬁT if IM1(p), 0) and inverse
positive in X'p 7 if (0, Ma(p)].

Proof Let us consider the polynomial function fj; (1) := A" 4+ p A"~% + M. Since
n is even, it is obvious that fj;(1) = 0 if and only if fys(—A) = 0, i.e., its roots are
symmetric. Let us study such roots for values of M near to O:

o If M =0, then fo(A) = A2 (A2 + p) has a root of multiplicity n —2 atA =0
and two simple roots A = ,/—p and A = —/—p.

e If M < 0, then fj(A) has two simple real roots Ay > 0 > —Aj, and n — 2
conjugated complex roots: aj i B;, j =1,...,(n —2)/2.

e If M > 0 is next to 0, then using the continuity of the roots of the polynomial,
fm () has four simple real roots A; > 0 > —A, A2 > 0 > —XAy,andn — 4
conjugated complex roots: &; £ i Bj, j=1...,(n—4)/2.

As a consequence, we have that if M < 0, then

n—2

2
) =02 =) [T @ —ap)*+ 89,

j=1

and so

Tn[p,M]ETloTlo~-~oTn;2,
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where T1u = u” — k2 wand Tju =u” —2a;u’ + (a2 + ﬂz) u.
From Lemma 5.1 we have that T is inverse negative in X p.7- Moreover, if M is
near to 0, by the continuity of the roots of the polynomial, we have that 0 < Bj < F

and so 7 is inverse positive in XP pforallj=1,..., "22. Thus, using Lemma 5.1
again, we conclude that 7,,[p, M] is inverse negative in X', - for M < 0 next to 0.
On the other hand, if M > 0 is next to 0, then

) =02 =) (W =13 H (=) + B},

j=l1
and so

T\ p,M| =T 0Ts0Tjo0Tua,
2

where Tyu = u" — 23 u, Tou = u" —)3uand Tju = u" —2&; u' + (&? + ,5]2) u.

From Lemma 5.1, both 7' and T, are inverse negative in X IZD r- Moreover, if M
is near to 0 it holds that 0 < §; < 7 and so T; is inverse positive in X2 . for all
j=1,..., %‘ and, as a consequence, Lemma 5.1 implies that 7,,[ p, M] is inverse

positive in X}, . for M > 0 next to 0. O

Since all the coefficients in operator 7, [ p, M] are constant, we are in conditions to
apply the following result (see [1, Section 1.4] and references therein), that ensures
that G p[p, M, T] is constant over the straight lines of slope equals to 1.

Lemma 5.3 The Green’s function G plp, M, T] related to the operator T,[p, M]
in X’I'JﬁT is given by the following expression:

Gplp,M,T](t —s,0), 0<s=<r=T,

Gplp, M, T](t,s) =
Gplp, M,TI(T +t—-15,0),0<t<s<T.

Moreover, ry(t) := Gplp, M, T](t,0) is the unique solution of the following
problem:

Tolp, Mlry(t) =0, 1 € 1,
r©) —r(T)=0,i=0,....n—2, (5.2)
rD ) - ri” hery -1,

As it is stated on the proof of [1, Corollary 1.4.12] for a more general situation, it is

immediate to verify that if n = 2k is even, then rys(t) = ry (T —t) forall ¢t € I.
Notice that, as a direct consequence, we deduce that

rD@)y = (=1 r(T —1)  forallr e Tand j €{0,1,...,2k}).  (5.3)
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In particular,

rO T2y =0 forall je{0,1,....k—1}, (5.4)
ra /o) = 3Ty =0, je{o1,... k—2}, (5.5)
ra Doy=1/2 and  F2EVT) =172, (5.6)

Now, for any even natural number n = 2k, we will denote by Gy[p, M, T] the
Green’s function related to the operator 7,,[ p, M] coupled to the so-called Neumann
boundary conditions:

XP g = {u e C'(I): u® V) = u@*+(T)y =0, j=0,... k- 1}.

As it is shown in [2, Theorem 3], in case of constant coefficients, the regions of
constant sign of the Green’s functions related to periodic and Neumann conditions
coincide in intervals of double length. The result is the following:

Theorem 5.1 The following property is fulfilled:
Gplp,M,2T] < 0(Gp[p,M,2T] > 0) on [0,2T] x [0,2T] if and only if
Gnlp, M, T] <0(GN[p, M, T]<0)onl x I.

5.2 Characterization of Constant Sign of Periodic and
Neumann Green’s Functions

In this section, we will extend Theorems 2 and 4 in [3] to the case p < 0. In
particular, we will consider problems of order n = 2k > 4. The case n = 2 is
considered in [3] but such situation makes no sense in the context of this paper
because in such a case n — 2 = 0 and so the problem would be reduced to the one
studied in [3]. The obtained result is the following.

Theorem 5.2 Let n = 2k withk € N, k > 2, and p < 0. Then the following
properties hold:

1.- The Green’s function related to operator T,[p, M] on X ’;’,T is nonnegative on
I x I (and strictly positive on I x I if M is on the interior of the intervals) if
and only if the following conditions are fulfilled:

1. k=21+1forsomel > 1,and M € (0, M(p)], being M>(p) the least positive
eigenvalue of problem

rD@) + pr®=2@) =0, t € [0, T/2],
r0) =0,
r@ithoy =0, j€{0,1,...,k—2},
r@ith(r/2)y =0, j€{0,1,...,k—1}.

(5.7)
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2. k =21 for somel > 1, and M € (0, M2(p)], being M>(p) the least positive
eigenvalue of problem

r®W@) +pr*=2@) =0,1€[0,7/2],
r(T/2) =0,
rCith) =0, j € {0,1,....k -2},
r@ith(r/2y=0=0, j€{0,1,....k—1}.

(5.8)

2.- The Green’s function related to operator Ty[p, M] on X'I'J’T is nonpositive on
I x I (and strictly negative on I x I if M is on the interior of the intervals) if
and only if the following conditions are fulfilled:

1. k =21+ 1 for somel > 1, and M € [M(p),0), being M|(p) the biggest
negative eigenvalue of Problem (5.8).

2. k=2l forsomel > 1,and M € [M(p), 0), being M|(p) the biggest negative
eigenvalue of Problem (5.7).

Proof Let p < 0 be fixed. From Lemma 5.3, it is clear that the sign of the Green’s
function on I x [ is characterized by the sign of the function rj; on I. Moreover,
from Lemma 5.2 we know that there exist M1 (p) < 0 < M (p) for which M rp; >
Oin 7 if and only if M € (M1(p), M2(p))\{0}. In particular, since rp; is monotone
decreasing with respect to M € [M(p), 0) U (0, M2(p)], we have that our problem
is reduced to find the exact values of M(p) < 0 < M>(p), that satisfy that they are
the unique real constants for which rjs has constant sign on / and vanishes at some
pointin /.

It is important to point out that if M € [M(p), M>(p)]\{0} then M is not
an eigenvalue of operator u™ + pu™=2 on X'p p- As a direct consequence,
identities (5.4) and (5.5) imply that ry; satisfies the two last sets of boundary
conditions imposed in Problems (5.7) and (5.8) for all M in such intervals.

Let us define v(r) = ry;(t) + pry(t), t € I. Taking into account (5.3), it is
immediate to verify that v satisfies the same property, that is:

v V@) = (=) vI(T — 1) forallt € I and j € {0,1,...,2k)}. (5.9)
In particular,
v (T/2) =0 forall j €{0,1,...,k—1}. (5.10)
Moreover, from (5.5) and (5.6), we deduce that
2Dy = @D (T) = 0, jef0,1,....k=3}U{k—1} (5.11)
and

v@2E=3) ) = 1/2 and p@=3 1y = —1/2. (5.12)
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Finally, by integration, we reach to

1 1 1 1
f v(s)ds = / rx[(s) ds + p/ ry(s)ds = p/ ry(s)ds. (5.13)
0 0 0 0

Now, if M € (M1(p), M2(p))\{0}, since M rp(t) > O for all t € I, we have
that v2*2 (1) = r20(0) + pr2* 2 (1) = =M ry(r) < Oforall 1 € I. Thus, we
deduce that v®%=3 s strictly decreasing on /. Moreover, as a direct consequence
of (5.10) and (5.12), we conclude that

V2 (1) >0 forallr € (0,T/2) and v®* () <0 forallt e (T/2,T).

Therefore, v?¥=% is strictly increasing on (0, T/2) and strictly decreasing in
(T/2, 7).
Now, if k = 2 (i.e. 2k — 4 = 0), we shall distinguish two different cases:

Case 1: M € (0, Mz (p)]
In this case, it is clear that r); is nonnegative on I and so, from (5.13), we know that
either v is nonpositive or changes its sign on /.

Now, let #p € I be such that s, () (o) = 0 (by symmetry, we may assume that
to € [0, T/2]). Since rp,(p) is nonnegative on I, fo is a minimum of ryy, () and
$0O rl’wz(p)(t(.)) = 0 and ”.1/1//12(,;)00) > 0. I.n such a case, v(fy) = p.r;\//lz(p)(to) > .0.
Therefore, if rp,(p) vanishes at some point #9, v must change its sign on /, that is,
there exists #; € (0, 7/2) such that

v(t) > Oforallt € (11, T —t1) and v(¢) < Oforallz € [0,11) U(T — 11, T]

withtg € [t;, T — t1).
Moreover, for t € (t1, T — t1), it occurs that

71/1//12(1,)0) > ”1/(/12(];)([) + prvyp (1) =v(t) > 0

and so r1,v12 ) is strictly increasing in (¢;, T — 11).
Since rj’wz(p).(.T/2). = rl/wz(p) (tp) = 0, it must occur that ty = T /2. Thus, M, (p) is
the least positive eigenvalue of problem

rPO 4+ pr’(t)y=0, 1 €10,T/21, r(T/2) =r'0)=r'(T/2)=r"(T/2)=0.

Case2: M € [M;(p), 0)
Similarly, in this case it occurs that 7 is nonpositive on I and so (5.13) implies that
either v is nonnegative or changes sign on /.
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Taking again 79 € I such that 7y, () (f9) = 0 and reasoning as in previous case, it
can be proved that v(fp) < 0 and, consequently, v must change its sign on /. Thus,
there exists #; € (0, T/2) such that

v(t) >O0forallt € (11, T —t1) and v(t) < Oforallt € [0,1) U(T — 11, T]

with 19 € [0, #1].

Now, for ¢t € [0, t1),
r;l//h(p)(t) = Vx[](p)(t) TP @) =v) <0

and ”1/1/11 ) is strictly decreasing in [0, #1). Since "1/\/11 - 0) = "1/1/11 (p(f0) = 0, it must
occur that 7o = 0. Thus, M1 (p) is the biggest negative eigenvalue of problem

rPO 4+ pr’'(t)y=0, 1 €10, T/2], r0)=r'(0)=r'(T/2)=7r"(T/2) =0.

On the other hand, if k > 2, (5.11) together to the monotonicity properties
previously proved for v@¥=4 implies that v>*~* must change its sign on I and
so, we deduce that there exists #; € (0, T/2) such that

vV )y >0forall 7 € (11, T—t;) and v?* =2 (1) <0 for all £ €[0, 1,)U(T —11, T].
Thus, together with (5.9), (5.10) and (5.11) imply that
V25 (1) < 0forallt € (0, T/2) and v?*> (1) > 0forallr € (T/2, T),

and, as a consequence, v>¥=® is strictly decreasing on (0, 7/2) and strictly
increasing in (7/2, T).

Now, if k = 3, we shall distinguish two cases and reasoning similarly to the case
k = 2, we arrive at the following results:

Case 1: M € (0, Mz(p)]

Reasoning as in Case 1 for k = 2, we deduce that if #p is a minimum of 7z, (p)
(rmy(p)(to) = 0) then v must change its sign on /. In particular, there exists #; €
(0, T/2) such that

v(t) <Oforallt € (t;,T —t;) and v(¢t) > Oforalltr € [0,11)) U(T — 11, T]

with #g € [0, #1). Also, it occurs that rl’(,lz(p)(t) > 0 fort € [0, ;) and so rl’wz(p)
is strictly increasing in such interval and, since rl/wz(p) 0) = rl’wz(p) (to) = 0,
necessarily #p = 0. This way, we conclude that M5 (p) is the least positive eigenvalue

of problem

rO® +prPa) =0, t €10, T/2],
r(0) = r'(0) = r"(0) = ¥'(T/2) = r""(T/2) = rO(T/2) = 0.
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Fig. 5.1 Values of M;(p) for 20 ‘ 10 0
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Case 2: M € [My(p), 0)
Using similar arguments to previous cases, we deduce that M;(p) is the biggest
negative eigenvalue of problem

rO® +prPa =0, t €0, T/2],
r'(0) = r"(0) = r(T/2) = r'(T/2) = r"(T/2) = r®(T/2) = 0.

For k > 3, by (5.11), v@®*~® must change its sign on I and, reasoning as before,
we may deduce that

v2* D) > 0forallt € (0, T/2) and v?* (1) < Oforalls € (T/2, T).

In this case, we are in the same situation as v?¥=3) and so the result holds by
recurrence. |

To obtain a numerical approach of the eigenvalues is very simple. It consists
on looking for the zeros of the corresponding Wronskians. In [3, Section 5] it is
explained in detail how to do it. In Figs. 5.1 and 5.2, the values of M (p) and M>(p)
are plotted for p € [-20,0]and T = 1.

Remark 5.1 It is immediate to verify that v is a solution of T,[p, M]v = 0 on
[a, b], together the boundary conditions (5.7) or (5.8) by replacing 0 and T by a
and b respectively, if and only if u(¢) := v((b — a)t/T + a)),t € I, is a solution
of T,[p (T/(b — a))?, M(T/(b —a))"lu = 0 on I. So, as a direct consequence,
we obtain that the eigenvalues of such problems A ;(p, a, b) (with obvious notation)
satisfy the equality

hj(p,a,b) =1;(p(T/(b—a)?0,T)(T/(b—a)", jeN.
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As it has been done in [3], as a direct consequence of Theorem 5.1 we can rewrite the
results for the periodic problem obtained in Theorem 5.2 to the Neumann boundary
value problem. In this case, the result is the following one.

Theorem 5.3 Letn = 2k withk € N, k > 2, and p < 0. Then the following
properties are fulfilled:

1.- The Green’s function related to operator T,[p, M] on the space X ”N’T, of
functions satisfying T—Neumann boundary conditions, is nonnegative on I x I
(and strictly positive on I x I if M is on the interior of the intervals) if and only
if M € (0, Mév (p,0,T)], being Mév (p, 0, T) the least positive eigenvalue of
either Problem (5.7) or (5.8), as appropriate, by replacing T /2 instead of T

2.- The Green’s function related to operator T,[p, M] on the space X ”N’T, of
functions satisfying T—Neumann boundary conditions, is nonpositive on I x I
(and strictly negative on I x I if M is on the interior of the intervals) if and only
ifM e [va(p, 0,7),0), being va (p, 0, T) the biggest negative eigenvalue
of either Problem (5.7) or (5.8), as appropriate, by replacing T /2 instead of T .

Arguing as in Remark 5.1, we deduce that (with obvious notation)

MN(p,0,T) = M;(p/4,0,T)/2", i=1,2.
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Chapter 6 ®
Results for Multidimensional Hardy Qe
Operator Using Domain Partitions

Elena Lomakina (® and Kairat Mynbaev

Abstract We consider a Hardy-type integral operator 7' associated with a family
of open subsets €2(¢) of an open set 2 in a Hausdorff topological space X. We find
necessary and sufficient conditions for the boundedness and compactness of the
operator T and two-sided estimates for its approximation numbers. All results are
obtained using domain partitions, thus providing a road map for generalizing many
one-dimensional results to a Hausdorff topological space.

6.1 Introduction

A one-dimensional Hardy inequality,

00 x q 1/q 00 1/p
[/0 u(X)(/O f(y)dy) du(x)} SC</O f”(y)v(y)dV(y)>

has been studied in detail and complete characterizations of its validity for all non-
negative functions f have been obtained in terms of pairs of weights u, v and
measures /¢, v for all pairs of exponents p, g € (1, 00), see [9-12, 14] for the history
and extensive references.

In the one-dimensional case, most researchers have utilized tools of one-
dimensional calculus, such as integration by parts [24]. The lack of such tools
has been the main obstacle on the way to multidimensional results. Some general
results for p < ¢ and Banach function spaces have been established in [7].
Obtaining full characterizations has been facilitated by the possibility of reducing
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the multidimensional case to the one-dimensional [3, 17, 18, 22, 26, 27]. The result
by Sawyer [20] does not allow reduction to one dimension but is limited to a
quadrant on the plane R?.

In a recent paper, Sinnamon [23] suggested a very general method that covers
totally ordered sets of domains on a measure space. The method relies on a non-
increasing rearrangement involving the weights and measures and reduces the
multidimensional case to the one-dimensional. The analysis of ordered cores is of
independent interest.

It is desirable to have everything expressed in terms of original weights and
measures for some applications, the most important examples being the Hardy-
Steklov type operator [8] and the Hardy inequality on cones of monotone functions
[21, 25]. In Sinnamon’s method, one additional step is required to derive the criteria
in terms of original weights and measures from his one-dimensional formulations.
Mynbaev [15] has obtained results in terms of original weights and measures under
the assumptions on the domains that are close to the ones imposed by Sinnamon
(see [15, Remark 1] for a more detailed comparison with Sinnamon’s paper).

Here, we develop a different approach to the norm estimation, compactness
conditions, and bounds for approximation numbers using domain partitions, a
technique widely applied in one dimension. The boundedness criteria obtained
below can be derived from both [23] and [15]. Nevertheless, we give independent
proofs of boundedness, compactness, and estimates of approximation numbers to
show that domain partitions, combined with the conditions on the operator T
imposed here, allow one to extend many of the existing one-dimensional results
to the current setup in a Hausdorff space. The existing results for R" or measure
metric spaces (in which €2 (#) are balls, see [1, 3, 17-19]) follow from ours, as well
as from [23] and [15].

Unlike [23] and [15], our approach is elementary and does not require any
advanced measure theory beyond o -additivity. Note that binary partitions were used
to prove sufficiency for the Hardy operator in the one-dimensional case in [2]. In
contrast to [2], we avoid their auxiliary functions ® and ®; and apply discretization
both for the upper and lower bounds in terms of the same functional of the weights.

The study of the approximation numbers (a-numbers) of the Hardy operator in
the Lebesgue spaces on the half-line for parameters satisfying 1 < p < g < o0
started with the papers by Edmunds et al. [5, 6]. Next Edmunds and Stepanov
[4] obtained the bounds for singular numbers of the Hardy-type operator with a
polynomial kernel acting in the spaces L?(RT). Those results were extended by
Lomakina and Stepanov [13] to the case 1 < p,g < oo; furthermore, two-sided
bounds for the Schatten—von-Neumann norm were proved. However, in the case
1 < g < p < oo their upper bound for the a-numbers depended on the index N
of an approximation number. In this paper for 1 < g < p < 0o we state an upper
bound that does not depend on N.

Full proofs of these results will be provided in a separate publication.
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6.2 Hardy Operator Boundedness and Compactness

We write A < B to indicate that c;A < B < ¢» A with constants c1, ¢2, independent
of weights and measures.

Assumption 1 Let 2 be an open subset of a Hausdorff topological space X with o-
additive measures p and v. The measures are defined on a o-algebra 9 that contains
the Borel-measurable sets. The weights u, v are assumed to be positive and finite
almost everywhere.

Assumption 2

(a) {Q2(¢) : t = 0} is a one-parameter family of open subsets of €2 which satisfy
monotonicity: for #1 < tp, (#1) is a proper subset of Q(#,).

(b) The subsets 2(¢) start at the empty set and eventually cover almost all €:
Q(0) = Ny=0K2(1) =0, v (\ Ur=0 (1)) = 0.

(c) Further, denote w(z) = 2(¢) N (2\€2(¢)) the boundary of €2(¢) in the relative
topology. We require the boundaries to be disjoint and cover almost all €2:

() Nw(r) =0, t1 # 1, V(Q\ Usso @ (1)) =0. (6.1)
(d) Passing to a different parametrization, if necessary, we can assume that
v (Q\ U=y @ (1)) > 0 forany N < oo. (6.2)
(e) Finally, we assume that boundaries are thin in the sense that

v(w(t)) =0forallt > 0. (6.3)

This assumption has simple implications.

1. Equation (6.1) implies that for v-almost each y € 2 there exists a unique t(y) >
0 such that y € w(z(y)), which allows us to define

Tf(y) = / fdv, y e, (6.4)
Q(z(»)

for any non-negative 9i-measurable f. On the set Qg C 2 of those y for which
7(y) is not defined we can put 7(£29) = @. (A more general definition of a Hardy-
type operator is given in [7], which is more challenging to work with sets called
below slices.)

2. Equation (6.2) and the fact that w(¢) # @, ¢t > 0, lead to t(£2) = (0, 00).

3. Because of (6.3) me fdv = fm fdv and up to a set of v-measure zero

{xeQ:t(x) >t} =\ Q@ (H)).
For 0 < a < b < 0o, we denote 2([a, b]) = 2(b) \ 2(a).
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Lfdv(SZ) denotes the space with the norm ||f||L5dU(Q) = (fQ |f|pvdv)1/p,
where v is a weight function. ||T|| = || T|| L @—Ll, (@) is the norm of a linear

operator T acting from L”  (Q) to L (Q):

vdv udp
A

q 1/q 1/p
M(X)du(x)} <|T| (/Q|f|Pvdv> .

/ fdv
Q(z(x))

1/q ) 1/p’
() = (/ udu) </ v P /”dv) .
Q\Q ) QW)

Theorem 6.1 If 1 < p < g < o0, then (6.4) is bounded if and only if A < 00,
where A = sup,. o W (t). Besides, A < |T| < 4A.

Denote

Let0<g<p,l<p<ooandputl/r=1/q —1/p,

1/p ) 1/p’
d(y) = (/ ud,u) (/ v_p/pdv> .
Q\Q(t(y) Q(t(y)

For Q@ = (0,00), [14] and [24] have shown that c; ”CD”LL[W(Q) < |IT|] <

c |9 L, () with constants ¢y, ¢; that depend on p, ¢ and don’t depend on the
udp
weights and measures.

Theorem 6.2 If1 < p < ocoand0 < g < p, then (6.4) is bounded if and only if
B < oo, where B = ([ @’udu)l/r . Moreover, |T|| < B.

With simple changes in the proofs, analogues of Theorems 6.1 and 6.2 hold for

the adjoint operator 7* : L?, (Q) — LZdu(Q)’

T f (y) = / fav.
Q\Q(y)

The next subject is compactness of 7. Denote

a(x) =/ udu, b(x) =/ v P Pdy, 0 < x < oo,
2\Q(x) Q(x)

l; = limsupa (x)/4 b (x)"/7", fori = 0, 00, | = max {lo, loc} .
xX—1

Theorem 6.3 (a) If1 < p < g < oo, then T is compact if and only if A < oo and
1=0.b)If1 <q < p <ooandT is bounded, then T is compact.
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6.3 Bounds for Approximation Numbers

Our next task is to obtain bounds for approximation numbers (a-numbers) of the
operator (6.4). Let X and Y be two Banach spaces. For a bounded linear operator
T : X — Y its n-th a-number, n € N, is defined by

ap (T)=inf{||T — P|| : P : X — Y is a bounded linear operator and rank P <n}.

For [a, b] C [0, c0), we initially consider the question of how well the operator
Xia,b)T 1s approximated by averages. To this end, successively define

_ 1
. Q i b — d s T = —
e (82 [a, b]) /ma’b]” w TS wu (R1a, b)) /Q[a,b]

Tia.p1f ) = xapa.p) ) (Tf &) — T f) -

(Tf)udp,

Theorem 6.4 Choose the point ¢ so that u, (a,c]) = wuy (RQ[c,b]) =
%uu (Qa,b]).Let 1 < p <q < 00, and denote

/9 ) 1/p
A*la,c] = sup (f ud,u> <f v_p/pdv) ,
a<t(x)<c \JQ[a,1(x)] Q[r(x),c]
1/q , 1/p'
Alc,b] = sup </ udu) (/ v P /”dv> .
c<t(x)<b \JQ[1(x),b] Q[e,T(x)]

Then || Tja, ) HLpd =< max {A*[a, c], A[c, b]}.

vdv ()~ deu. (€2)

Denote A [a, b] = max {A*[a,c], Alc,b]}, 0 < a < b < oo. Obviously, for
any 0 < x < oo, wehave Ala,b] - Oifa,b — x; Ala,b] >0ifa <b.

Throughout the following discussion, we make the crucial assumption that T is
a compact operator.

Lemma6.1 Letl < p <g <ooand0 <& <maxW. There exist 0 =ty < 1] <
. <ty < tN41 = 00 such that with the notation Ay = [tx, tx+1), k =0,..., N
one has

sup W (1) = ¢, . 1ma>1;v 2A(Ak) =¢e A(An-1) <¢g, sup V() =¢. (6.5)

telAo Fhoeens teAn

We use the approach developed in [5].

Theorem 6.5 Let 1 < p < g < o0 and suppose the covering {2 : k =0,..., N}
satisfies (6.5). Then

cre (N =2)Y4=VP < an ((T), an41(T) < cae. (6.6)
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Remark Obviously, when p = ¢, (6.6) gives a same-order two-sided bound for
a-numbers. Besides, the upper bound on a-numbers gives an upper bound for the
Gelfand, Kolmogorov and entropy numbers because the a-numbers are the largest
among s-numbers of linear operators [16].

To consider the case 1 < g < p < 0o, we assume that ||| < oo and therefore
B < oo by Theorem 6.2. Denote

1/p ) 1/p
O, p (1) = (/ udu) (/ v’ “’dv) .
Qla,T(x)] Q[z (x),b]
I/p , 1/p'
Dy p) (x) = ( / udu) ( / v—f’/f’dv) :
Q[z (x),b] Qla,7(x)]

1/r
Bla,b] = |:/ (QFQ,C]X[a,c] + PpepiXick)) udu] ,
Qla,b]

where 1/r =1/g — 1/p and ¢ = ¢ (a, b) is the constant from Theorem 6.4.

Bound from Above Let 0 < ¢ < B. Selectt’, ¢ to satisfy

1/r 1/r
</ @’udu) =g, (/ @’udu) =¢. (6.7)
Q) Q[t”,00]

Let {At : k= 1,..., N} be a uniform and finite partition of [t’, t”] into segments
Ay of length m. The number m can be chosen so that

N 1/r
(ZB (Ak)r) =s.
k=1

With the partition defined above, we have the following theorem:

Theorem 6.6 Suppose 1 < g < p < oo, T is bounded and 0 < ¢ < B. Then
an+1(T) =< ce.

Bound from Below Let ¢/, t” be chosen as in (6.7) and put p = 0, t; = ¢’. On the
n-th step, if sup,_, B (#,, 1) > ¢ then we put #,,4.; = min {t >t, :B(,,t) =¢}.1f
sup,., B (ty, 1) < & we put 41 = 00. It is easy to show that this process stops in
a finite number of steps.

With the partition we have defined here we can state the lower bound.

Theorem 6.7 Suppose 1 < g < p < 0o, T is bounded and 0 < ¢ < B. Then
an-1(T) = ce.
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Chapter 7 ®)
A Numerical Algorithm for the Third Qe
Order Delay Partial Differential

Equation with Robin Boundary

Condition

Suleiman Ibrahim @) and Deniz Agirseven

Abstract In the present paper, the initial value problem for the third order delay
partial differential equation with Robin boundary condition is investigated. The first
order of accuracy difference scheme for the numerical solution of the third order
delay partial differential equation with Robin boundary condition is presented. The
illustrative numerical results are provided.

7.1 Introduction

Over the years, local and nonlocal boundary value problems for third order
partial differential equations have been studied (for instance, see [1-8]). In many
engineering applications, time delay is one of the most common phenomena that
frequently occurs. In control theory, the process of sampled-data control is a
typical example where time delay happens in the transmission from measurement to
controller. Theory and applications of delay linear and nonlinear third order ordinary
differential and difference equations were widely investigated (see, e.g., [9—18], and
the references given therein).
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7.2 The Third Order Delay Partial Differential Equation
with Robin Boundary Condition

We consider the initial boundary value problem for the third order partial differential
equation with time delay

93u(t,x)
913

— (@(®)usx (t, X)) + Su, (7, x)
=b (= (a@)ux(t —w, x)), +du(t —w, x)) + f(,x),
O<t<oo, O0<x <, (7.1)

ut,x) =g, x),—w=<t<00=<x </,

u(t,0) = auy(,0), —u(t,l) =Pux,l), 0<t <oo.

Under compatibility conditions, problem (7.1) has a unique solution u (¢, x) for the
smooth functions a(x) > a > 0, x € (0,1),§ > 0,a,8 >0, g(t,x), —w <t <
0,0<x<lI, f(t,x),0<t<o0,0<x<l,andb € R'. The discretization of
problem (7.1) is carried out in two steps. In the first step, we define the grid space

0,1l ={x=x,:x,=nh, 0<n<M, Mh =1}.

Let us introduce the Hilbert space Loy = L2 ([0, ];,) of the grid functions cph x) =
{¢n}y! defined on [0, [], equipped with the norm

1/2

"y = | Y le@)Ph

x€[0,]

To the differential operator A* defined by (7.1), we assign the difference operator
Ay, by the formula

ATQ" (x) = (—(@(X)@)xn + S 1! (7.2)
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acting in the space of grid functions ¢”(x) = {gon}(l)” satisfying the conditions
(h+a)po = apr, (h + B) om = Bem—1. Itis well-known that Aj is a self-adjoint
positive definite operator in Ly;. With the help of Af, we reach the initial value
problem for an infinite system of ordinary differential equations

3. h h
LD AFLLD = pAu(t — w, x) + f(t,x), 0 <t < 00, x €[0, 11,

ul(t,x) = gh(t,x), —w <t <0,x €[0,1].
(7.3)

In the second step, we replace (7.3) with the difference scheme of the first order of
accuracy presented in [19]. We get

Uy (730 PG, () g2 013y )
3 h T

= bATUl \(—x) + [, [0 = i, %), k=1, x € 10,1y,

ull(x) = g, x), =N < k <0,

h _h
(I + T2 A7) 70 _ oo, ),
(7.4)

ug (x)—2u}1' (x)+ug (x)

(I + TQAZ)T = glht(o’x)’x € [0, 1p,

(I, + T2AZ)”ZLN+1(XZ_“ZN(X) — “gw(")_:ﬁmfl(")’

2 () =2ul 4y (O Fu y ()
2
T

h
(Ih + .L,ZA;IC)“mNJr

gy () =2\ (O 5 ()

= 2 ,m:l,Z,....
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Theorem 7.1 For the solution of difference scheme (7.4), the following stability
estimates

D2 h Dl h 1 h
max q || tuk”Cf(Wzlh)’” tuk”CT(szh)’ §||uk||CT<W23h)

< Ci| @+ TlbI(N=2)"bg+ Y Q2+ TIb|(N —2))" t

j=1

JN !
x> IATF)lyy, [ om=0.1,.,
s=(j—DN+1

by = maX{ max ||A28[;(fk)||wl , _max | le) @) w2, - _max lg" @) 3, }

h h h
2 h Uiyy — 2y + Uy
| D7ugll - wly = max s
W) o<k<(m+1)N-2 72 |
WZh
h_ o h
uy —uy
max & s
1<k<(m+1)N T
<k=(m+1) w2,

L h _

IDzuillc, w2 ) =
h h

u 3, = max u 3

g lle, w3, oo max llue

hold, where Cy does not depend on g" (1), and fkh (x).

Proof Difference scheme (7.4) can be written in abstract form

h h h h h
Up o —3ug  H3up —up Uppp Wiy h h
3 +Ah T —bAth,N'i‘fk’kZla

<
~ 3

h_h
Uy + 7240 218 = gh(0), (1 + T2A) =245 — gh (0), (7.5)

h h h h
u —u ul —ut
(Ih .L,Q.Ah) mNJrL mN mN TmN 1 ,

h h h
2MmN+l+"tmN — MmN_zumelJ’_umN 2

2 = 2 —“~ m=1,2,...

h
(Ih + 7:2Ah)"tmN+2
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in a Hilbert space Lj, with self-adjoint positive definite operator A, = Aj by
formula (7.2). Here, g,}(’ = g,i’(x), fkh = fkh(x) and uZ = uZ(x) are known and
unknown abstract mesh functions respectively defined on [0, []; with the values in
H = L. Therefore, estimate of Theorem 7.1 follows from estimate of abstract
Theorem 2 [19]. Theorem 7.1 is proved. O

7.3 Numerical Algorithm for the Third Order Delay Partial
Differential Equation

We present the algorithm for the numerical solution of the initial boundary value
problem for third order delay partial differential equation with Robin boundary
condition

Put0) _ pultn | ghultn) o (LUl gy — 1, x))

—32¢ 2 cos 2x + 1.2¢720=D cos 2x,

O<t<oo, —T<x<m,

u(t,x) =e Hcos2x, —1<r<0,0<x<m,

u(t,0) —e 2 =28u,(r,0), —u(t,n) + e 2 = 28u,(t,n), 0 <t < oo.
(7.6)

The exact solution of problem (7.6) is

2 cos2x, 0<x <7, —1 <t < o0.

u(t,x) =e"
For the approximate solutions of problem (7.6), using the set of grid points

[—1,00): x [0, 7]y

={(tx,xp) :ty =kt,k>—N,Nt=1,x, =nh, 0<n<M,Mh =},
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we get the first order of accuracy difference scheme in ¢

_ k+2_ k+1 k 2 k+1
w2 3ul 4 3uk kot 1 =200 D
73 o Th?
k42 k+1 szkN_,_k
Uy, ~—up _ pyt u n— k N
R Ll AR —(0.1)( Bt T Tty gy

—32¢7 2k cos 2x, + 1.2 2N cos 2x,,,

tk =kt, mN+1<k<@m+1)N -2,
m=0,1,..., 1 <n<M-1,

Nt=1, x,=nh, 1<n<M-1, Mh=m,
ud :cos(Znh)

n
2u +u

wl—
uy,— n +T( h n—1 +8M )+
2u +u
( 1 h2 2l —suo) = —2cos(2nh)
2u +u® —2u?+u?
R e 4 8uy)
2u +u
1 —1 1
2 ot Buy) an
—2u0+u ’
+(—+h—2"1 +8ud) = 4cos(2nh), 1 <n <M —1,
mN+1__, mN umN+l_2umN+l+umN+l
Uy - Uy, + ‘L’(— n+l nh2 n—1 + SugN—i-l)
N N _
+T( Z’L+1 —2u m +u 8 mN) ;;1N u:lnN 1
2 = 7
nmN+2_2umNh+l+umN '
)
vi2 N42 N+2
+( nm+1 —2uy + JrMnm 1 4 8MmN+2)
2 n
mN+l mN+1 mN+1
—2uj, +u,
+1 mN+1
+2( "mN }162 — 8uj, )
m
n+1 n—1 mN
(RIS | g
h2
=2 g ) <M -1, m=1.2
T b p— J— 9 - 9 90t
k _ =24 _ 28 (,,k _ ,k
Uy—e =% (”1 g)

—uﬁ,[—l—e_zt":%(u’[‘vl—uﬁ,[ 1), 0<k< oo,
mN<k<m+1)N, m=1,2,....
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We can write (7.7) in the matrix form as follows:

BU*? 4 cU! + DUF + EUF ! = o(UFN), k=1,2,3,...,

cos (2(0)h)
cos (2(1)h)
Ul = : :
cos (2(M — h)
cos 2(M)h) | (7.8)
U'=LHU®,

U2=YPU'+YQU",

UmN-‘rl — LJUmN +LWUmN_1,

Ntz =y pUmNHL 4y XU + y SumNTT
+YZU™ 2 m=1,2,...,

where B,C,D,E,F,H,J,P,Q,S,V,W, X and Z are (M+1) x (M+1) matrices,
(p(Uk’N), U, U'andU",r = k, k+ 1,k + 2 are (M 4+ 1) x 1 column vectors
defined by

[1+2-200.0 0 0 ] [0000-0007]
a b ¢ -0 0 0 lcl -000
0 a bc-00 0 0lcl-000

B = . C= -],
0 0006 c O 0000-c10
0 0 00-a b ¢ 0000-1cl
L 0 0 00-0-27142] 1 0000-000
[0000-0007] [0000-0007]
040 -000 0e0 -000
0040-000 00e0-000
D=|.-.......\E=|........1,
0000-400 0000-¢00
0000-0d0 0000-0e0
10000-000 | 1 0000-000
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[0000-000] [0000-000
Owo0 -000 0s0 -000
00w0-000 005s0-000
0000-w00O 0000-5s00
0000-0woO 0000-0s50
[ 0000-000 | [ 0000-000 |
[0000-000] [0 000-0007]
0z0 -000 i j* 000
00z0-000 0j*jj*-000
0000-z00 0000-j,j*0
0000-0z0 0000-j*jj*
| 0000-000 | 00 00-000 |

F = .. ,
0 0 0 0-f f* 0
0 0 0 0-f* f f*
. 0 0 00 -0-®142]
000O0-00 0]
p* pp* 000
Op*pp 000
P = . ,
00 0O0-pp*o
00 O0O0:-p*ppt
|00 00-00 0 |
[(1+2-2%00.0 0 0
vk v Uk -0 0 0
0 vk v uvk-0 O 0
V= . . ,
0 0 0 0 - -v wvx 0
0 0 0 0 -vx w vk
. 0 0 00-0-28142]
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F0000-000 0 0-000

h* e* h* -0 00 * g x* 000

0 hr*e*h*- 000 0 x*s*x*-0 00
H: . . ,X: . . s

0000 ¢ hto0 0000 -s*x*0

00 0 0 -h*e*h* 0000 - x*s*x*

 0000-00 0  0000-000
00 00-00 07 )

q* q q* 000 ¢’2 Ug
0g*qq 000 ¢ ULyt
o=| - - - ... . .|, U= L, UM = : ;
gggg'q*q* 0* (p@k_l UX,,,]

9" q q @ U’
 0000-000 | - M

r=k,k+1,k+2, where

k—N k—N k—N
u —2u +u
(0.1) (- ntl ;1’2 nol 4o guk=N ) — 32¢ %% cos 2x,

ok =~

+1.2e 720N cos2x,, tp = kT, mN +1 <k < (m + 1)N — 2,

m=0,1,..., 1 <n<M-—-1,
-— 1l p_1, 2 .8 . __3 2 8 ;__ =3 o=_1 4=
4= rz’b_r3+rh2+f’c_ 3 th? o = a’d_r3’e_ W=
1 2 1 2t 1 T 2 4
mS=cpi=o fEph A8t ffEoph p=5 4 16 pt=
~Zov=dp vt =l e = e = -2, 5 =
p*—8,x*:—v*,q:—r—lz—hl2 4, ¢* =x*, L=F ', y=v"L

7.4 Numerical Analysis

The numerical solutions are recorded for different values of N and M, and u*
represents the numerical solution of this difference scheme at u(#, x,). Table 7.1
is constructed for N = M = 30,60,120in ¢ € [0,1], ¢t € [1,2], t € [2,3]
respectively and the errors are computed by

N k
mEy, = max [u(ty, xn) — Uyl
mN+1<k<(m+1)N, —-M<n<M
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Table 7.1 Errors of (NNM) |[N=M=30 [ N=M=60 |[N=m=120
difference scheme (7.7)
t €[0,1] |0.1886 0.0987 0.0504
te[l,2] |0.2462 0.1210 0.0601
te[2,3] |0.1615 0.0741 0.0376

If N and M are doubled, the values of the errors are decreased by a factor of
approximately 1/2 for the first order of accuracy difference scheme (7.7). The errors
presented in this table indicate the accuracy of difference scheme.

7.5 Conclusion

In the present paper, the first order of accuracy difference schemes for the numerical
solution of the third order delay partial differential equation with Robin boundary
condition are presented. The illustrative numerical results are provided.
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Chapter 8

Solution of the Problem of Generalized s
Localization for Spherical Partial Sums

of Multiple Fourier Series

Ravshan Ashurov

Abstract It is well known that Luzin’s conjecture has a positive solution in one
dimensional case and it is still open in multidimensional case for the spherical
partial sums: Sy f(x) = Z\n|2< 5 Jn €™ where f, are the Fourier coefficients of
f. Historically, progress with solving the Luzin’s conjecture has been made by
considering easier problems. One of such easier problems for S f (x) was suggested
by V. A. I'in in 1968 and this problem is called the generalized localization
principle for the spherical partial sums. In 1976, well-known specialists in this field
raised the question of the validity of the principle of generalized localization at least
for double trigonometric series. In this paper, we give a solution of this problem and
indicate a sketch of the proof. In addition, a result is given on the convergence of
spherical partial sums for functions from the Sobolev class.

8.1 Introduction

Let {f,}.n € zN , be the Fourier coefficients of the function f € Lz(TN ), N > 2,
i.e.

fo=0m)~N f fe ™ dy,
TN
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where TV is an N-dimensional torus: TV = (, 7]V . Spherical partial sums of the
Fourier series are determined by the formula:

Sfx) =Y fae™, @.1)

[n|2<x

where nx = nix; +nyxo+...+nyxy and |n| = \/n% +n% + ... +n%v.

One of the classical problems in the theory of Fourier series is the problem of
pointwise convergence of S f(x) to f as A — oo: for what classes of functions f
are the partial sums S f(x) converge to f at a given point, almost everywhere, at
all points, or uniformly.

In this paper, we will study the problem of convergence almost everywhere of
the series S f(x), which is one of the most attractive problems in metric function
theory. Natural classes for studying convergence almost everywhere are the spaces
Ly, 1<p<oo.

It should be noted that even in the simplest case of N = 1 and p = 2 the
problem of convergence almost everywhere was solved relatively recently, in 1966,
by Carleson [1]. The corresponding hypothesis was expressed back in 1915 in his
dissertation “Integrals and trigonometric series” by Lebesgue’s student N.N. Luzin.
Improving Carleson’s method, German mathematician Hunt [2] extended this result
to functions from the classes L,, p > 1. If p = 1, then this is no longer true
due to the well-known example of a function from the class L with Fourier series
diverging everywhere in T', constructed by Kolmogorov in 1922.

For multidimensional Fourier series, the validity of the Carleson-Hunt result
depends on the type of partial sums (see [3]). Thus, for square partial sums of N-
fold Fourier series, Sjolin extended Hunt’s theorem. However, as Fefferman showed,
convergence over rectangles leads to completely new effects: there is a continuous
function f(x1, x) whose Fourier series diverges indefinitely over rectangles at each
interior point of the square T?.

As for spherical partial sums Sj, attempts to transfer Luzin’s conjecture under-
taken by mathematicians such as L. Carleson and C. Fefferman, ultimately turned
out to be unsuccessful and Luzin problem remains open to this day.

Historically, progress in solving Luzin’s conjecture has been achieved by con-
sidering simpler problems. For example, we obtain a simpler problem if we impose
on the decomposed function f some additional conditions that simplify the study
of convergence almost everywhere. As such conditions, we can take the vanishing
of the function f in some subdomain G C TV and study the almost everywhere
convergence of spherical means in G. If there is such convergence, then they say (in
the terminology of V.A. II’in [4]), that the principle of generalized localization is
valid.

As an alternative way to simplify the situation, one can study the convergence
of §) f(x) not for functions from the entire class L,, but for functions from
the subspace L p(TN ) (for example, from the Sobolev classes), which have some
smoothness.
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It should be emphasized that solving the principle of generalized localization is
the first important step towards solving N.N. Luzin’s problem for multidimensional
Fourier series. That is why in 1976, well known specialists in this field raised the
question of the validity of the principle of generalized localization at least for double
trigonometric series (see [5]).

Many specialists began to solve this problem. As a result, through the efforts
of mathematicians such as P. Sjolin, A. Carbery, F. Soria, J.L. Rubio de France,
L. Vega, A. Bastys, the validity of the generalized localization principle was
established for expansions into multiple trigonometric Fourier integrals (see [6—
15]). But the case of a multiple Fourier series turned out to be much more
complicated. In 2019 [16, 17] we managed to solve the problem of generalized
localization not only for two-fold, but also for N-fold Fourier series. Let us give
the exact formulation of this result:

Theorem 8.1 Let f € Ly(TVN) and f = 0 on some set @ C TV. Then the equality
Alim Sy, f(x) = 0 holds almost everywhere in SQ.
—00

It has been previously known (see [7]) that the generalized localization is not valid
inL p(TN ) when 1 < p < 2. Thus, the problem of generalized localization for the
spherical partial sums is completely solved in L p(TN ), p = 1:if p > 2 then we
have the generalized localization and if p < 2, then the generalized localization
fails.

As for the convergence almost everywhere of spherical partial sums for functions
from the Sobolev classes, this issue for multiple Fourier integrals is also well studied
by many specialists (see [6—15]). The most accurate result was obtained in the work
of Carbery and Soria [14], where they proved that condition

a>(N—1)(l—l), l<p<2 (8.2)
p 2

ensures convergence almost everywhere for functions from the Sobolev classes f €
LY (RN). But the question of the validity of a similar result for multiple Fourier
series remained unknown. This problem was recently solved in work [18] (see also
the survey paper [19]). Let us formulate the corresponding result.

Theorem 8.2 Let the parameters a and p satisfy conditions (8.2). Then, for any
Junction f € LY, (TN), the partial sums S, f (x) converge to f(x) almost everywhere

in TN. Moreover, the maximum operator S, f (x) = sup |Sy f (x)| has the estimate
>0

1S: 11y, ep%) < CpallFll g v, (8.3)

It should be noted that the condition on the smoothness exponent a in this theorem
coincides with the Stein condition (see [3]) on the Riesz mean exponent s.

In the next section, we will study the principle of generalized localization for
spherical partial sums of multiple Fourier series, and Sect. 8.3 is devoted to the study
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of to the convergence almost everywhere of these same partial sums for smooth
functions.

8.2 The Principle of Generalized Localization

By virtue of the definition of Fourier coefficients, we have

Sf () = / 6(x — . 2) f()dy,
TN

where the kernel can be represented in the form

0(x, ») = 2x)~N Z UL

[n|2<x

In order to study the convergence of S, f(x) for A — o0, it is necessary to study
the asymptotic behavior of 6(x — y, A) for large A, which is far from simple task.

Obviously, when & — oo the kernel 8 (x —y, 1) behaves best outside the diagonal
|x —y| > § > 0 due to strong ossification. When studying the localization principle,
we are precisely in this area, as a result of which the study of the localization
principle of multiple Fourier series becomes a simpler task than the study of their
convergence.

Let us now give a brief outline of the proof of Theorem 8.1. Let f € Lo(TV) and
f =0intheball {|x| < R}, R < 1. Then it is not difficult to verify that the theorem
follows from the following estimate: for any » < R there is a constant C = C(R, r)
such that

/ 1S, f(0)2dx < € / 1 ()P, (8.4)

|x|=r ™

Let x5(¢) be the characteristic function of the segment [0, b]. Let ¢;(¢) denote
a smooth function such that xr—/3() < @1(t) < x2(r—r);3(t) and let us put
@2(t) = 1 — ¢1(¢). Define by ¥ (x) a function, 27 - periodic in each variable x,
putting ¥ (x) = ¢2(|x]), x € TV.

Let us denote 6, (x) = 0(x, A)¥(x). Since the support of function f is the set
{|x| = R}, then for any x from the ball |x| < r the equality

§.f (x) = / 6.(x — ) F(dy
TN
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holds. Therefore, if we denote this integral by 6, * f, then to prove estimate (8.4) it
is enough to establish the validity of the inequality

‘/wy%*ﬂﬂugc/ﬂﬂmﬂu, (8.5)
J>
T ™

where sup is taken over all natural numbers.
The Fourier coefficients (6;), of function 6;(x) has the form

(0]),1 — (27-[)_21\/ Z eime(x)e—inxdx — (27_[)_1\] Z wm

T mP< In—mP><j

It is not hard to see that the following estimate

C
Ol < ——m——— 8.6
6= = 7 ©0

is valid for any /, j € N and n € Z" with some constant C; depending on /, r
and R.
Let us denote (® ), = (0j+1)n — (6j)n, that is

@)= > Y= D Y

Im|?=j ln—m|?=j

Lemma 8.1 There are sets Qk, q=0,1,---,2k — 1, of integers p, 0 < p < 2k,
such that for all | the estimate

2k—1
G
@+D* ) 1Opypl* < — (8.7)
Z Zk P U+ =k
q=0 pqu
with some positive constant Cy is valid.

This lemma implies a uniform in n € ZV estimate:

oo 2k—1

DD @+ D 1@yl < C (8.8)

= = k
k=0 g=0 pe0k
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On the other hand, for the Fourier coefficients (6;),, due to estimate (8.6), we have
a uniform in n € ZV estimate

oo 2k—1
Y Y @+ DY Bl < C. (8.9)
k=0 g=0 peQ’{;

Now, we move on to the proof of the estimate (8.5). We have

q—1 q—1
[0 % [P = [0 % fF+2) [0, % £16; * f].

j=0 j=0

Therefore,

o0
sup |9q*f|2§Z|®j*f|2
j=0

qe

oo 2k—1

F2) ) Y 1Opy, * flg + Dby, = flg+ D7

k=0 q:O peQ’é

Integrating over TV, then using estimates (8.8) and (8.9), we have

/sup 16, % 11 < S 12 1©)al
N n j=0

v €

oo 2k—1

+Z|fn| Y3 @+ D) 1Oy al?

k= Oq 0 PEQk

oo 2k—1

+Z|fn| Y3 @+ DD Gyl <CZ|fn

k=0 g=0 per

=C/ (o) dx.
TN

Thus, estimate (8.5), and therefore Theorem 8.1 is proven.
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8.3 Convergence of Fourier Series of Smooth Functions

In this section, we give a brief outline of the proof of Theorem 8.2.
Let us recall the definition of a Sobolev space. The function f € L) (TV), p=>1,
belongs to the Sobolev space L‘;,(TN ) with real number a > 0, if the norm

1 llgermy = || - A+ 10 fae™ |, pn, (8.10)

nezZN

is finite. When a is not an integer, then this space is also called a Liouville space.
The norm in the Sobolev space L‘;, (RN) is defined similarly to the norm (8.10):

111y @, = |l /(1 +1&7E f@)edg ||, gr)- @.11)
RN

We also need a definition of the spherical partial Fourier integrals:

Erf() = 2m) ¥ / Fe)eéde. 8.12)

&1 <2

Here, the Fourier transform of the function f € Ly(RY) is defined by equality

f&) =@n) 1 f Fr)e ¥ dx
RN

and in this case, the integral by Plancherel’s theorem converges in Ly(RY).

Above, we noted the result of Carbery and Soria [14] on the convergence of
spherical means of multiple Fourier integrals for functions from Sobolev classes
with the same exponent a as in Theorem 8.2. A natural question arises: is it possible
to obtain the statement of Theorem 8.2 by applying the well-known theorem of C.E.
Kenig, P.A. Tomas [20] on the equiconvergence almost everywhere of the Fourier
integrals and series? But the problem is that this theorem is only valid for functions
from the classes L ,(RY).

However, using the main idea of the work of C.E. Kenig and P.A. Tomas, it
is possible to prove that the almost everywhere convergence of expansions E; for
functions from Sobelev classes entails (although there is no equivalence as in [20])
the almost everywhere convergence of Fourier series S),.

In order to formulate the corresponding result, it is necessary first of all to move
from spaces L% (T") to classes L ,(T"). To do this, using the Laplace operator A,
we write

Exu=(1—A)"TE(0—-A%u=(—A)"TEw,
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where v = (1 — A)2u € L,(RN). For any function v € L,(R"), we introduce the
operator

Egav=(1- A)_%E)Lv = (27‘[)_% / i 1+ |§'|2)_%ﬁ(§')eix5d§‘,
[E1° <A

Similarly, we define the operator S(x 4)g, g € L,(T") on the torus TV:

S8 = Y I+ 2gue™, ge LyTY).

[n]2 <A

Let E (*a) and S(*a) be the corresponding maximal operators.
It is not difficult to verify that we cannot apply the Kenig and Tomas theorem to
the pair of operators E(; ) and S, 4). Nevertheless, the following statement holds.

Theorem 8.3 Let 1 < p < oo. If the operator E(*a) is bounded in L p(RN ), then the
operator S<*a) is bounded in L p(TN ).

Note that, in contrast to the Kenig and Tomas theorem, here only sufficient condition
for the boundedness of the operators S(*a) is given. However, this is sufficient
to prove the convergence of multiple Fourier series using the estimates of E (*a),
obtained in [14].

Indeed, let 1 < p < 2, ¢ #{\‘:2/[) and a = % Application of
Martsinkevich’s interpolation theorem to the estimates obtained in paragraphs 3 and
4 of [14] gives

< Cllul|

N
Lq(RN) = LP(RN), u e LP(R ).

| Efull
Consequently, E(*a)u is bounded almost everywhere in RV for each function u €

L p(RN ), p > 1. Then, by Stein’s theorem on the sequence of linear operators,
invariant under shift, acting from L,(R") to L,(RV), 1 < p < 2 (see [12] and
[21]), it can be argued that

1EGull,, @y < Cllully gvy feLy®D, p>1 a=——,

where L p,oo(RN ) are the Lorentz spaces.
Hence, by virtue of Theorem 8.3, for the same values of the parameters p and a,
we have

1St 11, oy < CIAIl vy f € Lp(T™). (8.13)
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On the other hand, from the estimates obtained in paragraph 3 of [14], it follows

| Efayull gy, < Callull,, gy, u € L2®Y), a>0,
or, applying Theorem 8.3,
158 £l ey = Call Fll s f € La(@), a0, (8.14)

Now, applying first the Martsinkevich interpolation theorem to estimates (8.13)
and (8.14) (with a = %-1), we obtain

1St 11, vy < CIAL, vy FELHTD, p>1, a=——.

Then, applying to this estimate and estimate (8.14) (with a > 0) Stein’s interpola-
tion theorem on the family of linear operators analytically dependent on a parameter
(see, for example, [3], p. 46) we will have

* C N
“S(a)f”Lp(TN) = p,aIIfIILP(RN), f € Ly(TY),
where

1 1
l<p<2, a>N-D(—-2).
p 2

Returning to Sobolev spaces, we rewrite this estimate in the form
N
15:811, e, < Cpallell g vy & € LT,

where p and a are the same as above.
This is estimate (8.3). The first part of Theorem 8.2 follows from this estimate.
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Chapter 9 )
Regularization Methods for Solving Qe
Inverse Problems: A Comprehensive

Review

Fadi Awawdeh

Abstract Inverse problems arise in various scientific and engineering disciplines,
presenting challenges of ill-posedness and sensitivity to noise. This work conducts
a comprehensive review of regularization methods aimed at stabilizing solutions
to inverse problems. Focusing on techniques such as Tikhonov regularization,
machine learning-based regularization, and Bayesian regularization, we explore
their mathematical foundations, numerical implementations, and applications in
diverse fields. Numerical implementation aspects, addressing discretization, stabil-
ity, and computational efficiency, are presented to guide researchers in the practical
application of regularization methods.

9.1 Introduction

The importance of regularization techniques in solving ill-posed inverse problems
cannot be overstated. Regularization methods play a pivotal role in addressing
the challenges associated with the sensitivity and instability of these problems.
Given the tendency of ill-posed inverse problems to produce unreliable solutions
due to noise or inaccuracies in measurements, regularization techniques act as a
stabilizing force. By incorporating additional information or imposing constraints
on the solution space, regularization helps prevent overfitting and guides the opti-
mization process towards more realistic and meaningful solutions. Techniques such
as Tikhonov regularization, total variation regularization, and sparsity-promoting
methods provide a structured framework for balancing the fidelity to observed
data and the stability of the solution [1]. Recently, powerful classes of regu-
larization procedures have gained significant prominence and found noteworthy
applications across various domains. These advanced regularization methods go
beyond traditional techniques, offering more nuanced and effective ways to address
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the challenges associated with ill-posed inverse problems. Techniques such as
machine learning-based regularization, Bayesian regularization, and deep learning
regularization have emerged as cutting-edge approaches [2, 3].

In this work, we search the application of regularization techniques as a powerful
methodology for addressing the challenges posed by ill-posed inverse problems.
Additionally, the work explores the crucial aspect of choosing an appropriate
regularization parameter, shedding light on methodologies for parameter selection
that contribute to the method’s adaptability and overall effectiveness. Through
this investigation, we aim to provide insights that advance the understanding
and application of regularization in the context of ill-posed inverse problems,
contributing to the broader landscape of computational science and mathematical
modeling.

9.2 Mathematical Framework

If one tackles an applied inverse problem by solving the corresponding operator
equation ¥x = y, formulated in infinite dimensional Banach spaces X and Y, the
ill-posedness phenomenon appears. It produces serious practical problems since,
instead of the exact right-hand side y, only noisy data, i.e., elements y? satisfying
H y—y° || < & with noise level § > 0, are available. When using such perturbed data
the goal consists of the stable approximate solution of the operator equation.

However, when the inverse operator -1 .y - X lacks continuity, a critical
issue arises. As the noise level § — O, y‘s converges to y = (F()?) but the
inverse reconstruction ! (y‘s) does not necessarily converge to the true solution
F! (§) = £. Even the slightest amount of noise, as indicated by [y° — J| y <6
can significantly compromise the accuracy of the reconstruction process. This
underscores the formidable challenge of achieving stable and reliable solutions in
the presence of noise.

9.2.1 Regularization

In studying inverse problems
F:X—=>Y, Fx)=y

with X, Y real Hilbert Spaces, the fundamental challenge lies in the lack of
continuity of the inverse mapping 7 ~! For small perturbations y?, the conventional
inverse T_l(ya) does not consistently converge to the true inverse 7—“_1(y) as
6 — 0. To address this issue, the mathematical framework introduces a sequence of
continuous approximations Ry to F~!, with the property that R, converges to F-!
pointwise for « — 0.
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Significantly, the parameter « is judiciously chosen as a function of §, denoted as
a (8). When this parameter choice is correctly made, the sequence ROC((g)y‘S exhibits
convergence to the true inverse ¥ _ly = x as 6 — 0. This convergence is a
critical aspect in applied inverse problems, where the interplay between inexact yet
continuous reconstruction provided by R, and the consideration of measurement
noise through carefully chosen parameters is indispensable. This synergy proves
pivotal for obtaining robust and accurate solutions, effectively navigating the
challenges posed by ill-posedness and noisy data.

9.2.2 Smoothing

The optimization problem min {||#x — y°||} is confronted with challenges arising
X

from ill-posedness. This issue renders the problem potentially unsolvable or, if
solutions exist, they can be unstable and inaccurate. Direct attempts to minimize the
norm discrepancy are eschewed due to the tendency to produce highly oscillating
solutions that lack physical realism. This observation has led to the development
of a family of techniques that aim to enforce a certain degree of smoothness in
the computed solution. This process goes by various names such as smoothing,
regularization, or stabilization.

The fundamental idea behind these methods is to address the minimization
problem associated with the equation Fx = y% = y + §. Instead of directly
minimizing the residual in the equation, expressed as H?’x - y‘3|, a regularized
minimization problem is formulated:

min { |75 = °| + 2 e}

Here, |- ||/, represents a potentially different norm from |||, and the positive scalar
A serves as a weighting factor. The simultaneous minimization of the residual and a
norm of the solution introduces a damping effect that tends to suppress oscillations
in the solution. The outcome is a smoothed solution that still satisfies the original
equations to some extent. ,
The degree of smoothing is intricately linked to the choice of the norm |||
and the scalar A. Regularization, in this context, can be seen as a delicate balance
between ensuring that x° yields a small residual ¥x — y and constraining x° to be
small in the chosen norm ||- ||/.
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9.2.3 Auxiliary Problems

In the context of regularization, a crucial aspect involves the use of a regularization
parameter A > 0 to govern the properties of auxiliary problems. Larger values of
A signify higher stability in approximate solutions, albeit with a greater departure
from the original problem. Conversely, values of A approaching zero indicate
auxiliary problems closely aligned with the original, but they tend to become
increasingly unstable as A approaches zero. Effective regularization approaches
must navigate this delicate trade-off between conflicting goals—balancing stability
and approximation.

9.3 Tikhonov Regularization

Tikhonov regularization begins with the assumption that the estimate of the noise
level is known and can be expressed as |y —y°| = |Fx —y°| < &, where
x represents the exact solution, and y° is the known input data. The set S =
{x : ||?'x — 0 || <$é } encompasses the exact solution; however, due to the ill-posed
nature of the problem, S is excessively large, encompassing both “good” solutions
that approximate the exact one and undesirable, unphysical solutions.

To refine the selection of good solutions, Tikhonov regularization introduces the
concept of selecting the smoothest function x from the set S. In more general terms,
this is achieved through Tikhonov’s stabilizing functional €2(x). The minimization
problem

Q(x) — min Subjectto |[Fx —y°| <8 9.1)
X

is considered as a solution of ¥x = y. Under sufficiently general conditions, the
solution of Eq. (9.1) belongs to the boundary of the set S. Consequently, the original
problem is reformulated as the minimization problem

Q(x) — min Subjectto ||Fx — | =. 9.2)
X

This reformulated problem (9.2) is solved using the method of Lagrange multipliers,
leading to the minimization problem

M*(x) = min [ Fx — °|* + 2200), 9.3)
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where the Lagrange multiplier is A~!. The parameter A > 0 is determined from the
condition ||Tx)‘ —y || = 8, where x* is the solution of Eq. (9.3). The functional M*
is referred to as Tikhonov’s smoothing functional, and A is termed the regularization
parameter. The choice of Q2 can vary depending on the available a priori information
about the sought-for solution.

9.3.1 Choice of Regularization Parameter

Given a linear operator ¥ : X — Y and an observed data y? contaminated with
noise, the discrepancy principle aims to find a regularization parameter « such that
the norm of the difference between the observed data and the forward model F (x%)
is comparable to the expected noise level §. Mathematically, this is expressed as
HT(x“) —y° ” ~ §, where ||-|| denotes a suitable norm in the space Y.

Consider a sequence of continuous approximations Ry to ~! with the property
that R, converges to F -1 pointwise for¢ — 0. The goal is to ensure the
convergence of the Tikhonov regularization, denoted as Ry(s)y® — F 'y. The
convergence condition is expressed as

HRay‘S — T_lyH < |Ra (° = V)| + HRay — Fly”
—_—

1R 118 —0 for a—0

To ensure convergence, we choose « (§) such that (for § — 0) « (§) — 0 and
| Ras) | 8 — 0.

An alternative and considered to be a better parameter choice is the dis-
crepancy principle. The discrepancy principle involves choosing « such that
H?"Ra yo — 0 || ~ §. This criterion ensures that the discrepancy between the forward
model applied to the regularized solution and the observed data is approximately
equal to the noise level.

9.3.2 An Application: Tikhonov Regularization Method
Jor Determining the Heat Source

Consider the identification problem of heat source

U — Uy = f(x), O0<x<l1, O0<t<1,
u(x,0) =0, 0<x<l, (9.4)
u(0,8) —uy(1,t) =0, 0<r<l.
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The problem here is that the source function f (x) is unknown, which needs to be
decided by some additional data. The additional data discussed here are observations
at a final moment ¢ = 1 given as follows:

ulx, 1) =g, 0<x<l. 9.5)

By separation of variables, we obtain the solution of problem (9.4)-(9.5) as
follows:

0 _—n’n?t 1
u(x,r)=21ni—n2<f, Xn) X, (S, Xn>=ﬁf0 f(x) cos(nmx)dx,

n=1

where {X,, = \/Ecosnnx, n=1,2,..., } is an orthogonal basis in LZ(O, 1). By
the supplementary condition, we define the operator K : f — g, then we have

X 1- e‘”2”2
800 = Kf(0) =3 ———— (. Xa) X

n=1
We can show that K is a linear, compact, and self-adjoint operator with

n’m?

PR (8, Xn) Xn.
e

f) =K"g0) =) —

n=1

In applications, the input data g(x) can only be measured and never be exact. We
assume the measured data function gs(x) € L?(0, 1) and satisfies ||g — gs|| < &,
where the constant § > 0 represents a noise level. We also impose an a priori bound
on the heat source, i.e., || f|| < E.

We will use Tikhonov regularization method to deal with the ill-posed prob-
lem (9.4) and (9.5), which can be rewritten as an operator equation (K f)(x) = g(x).
Then, we give an approximate solution of f (x) by a Tikhonov regularization method
which minimizes the quantity || K f — gs ||2 +12 f ||2. To find the unique solution of
this minimization problem, we solve the normal equation K*K fs(x) + 22 fs(x) =
K*gs(x), to obtain the explicit form

2.2
00 n-m

2,2

Sy =) —1=tt

n=1 1+A2< n2g? )

|—¢—n?n?

(gs Xn) Xn.
2
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We define a regularization approximate solution of problem (9.4) and (9.5):

o0

27T2
Fra =X G enz'f,z) (T3 & X Ko

n=1

Using the Discrepancy principle, we choose A = (%) V2

estimate | f — fi.s| < C87/(P*2) holds.

, p > 0. Then, the

9.4 Bayesian Regularization in Inverse Problems

Bayesian approaches, applied to regularization for solving inverse problems, offer a
powerful probabilistic framework for seamlessly integrating prior knowledge with
observed data. These methods, rooted in Bayesian principles, elegantly address
uncertainty, providing stability and reliable solutions. Among its varied applica-
tions, Bayesian regularization finds extensive use in medical imaging, notably
in the intricate domains of CT and MRI reconstruction. Additionally, it proves
beneficial in signal processing tasks, where leveraging prior knowledge about signal
characteristics is pivotal.

9.4.1 Bayesian Formulation

Bayesian regularization initiates by defining a prior distribution that encapsulates a
priori information or beliefs concerning the solution. This distribution encapsulates
knowledge before any data observation. Subsequently, the likelihood function is
introduced, representing the probability of observing the given data given a specific
solution. It succinctly encodes the information embedded in the data set.

9.4.2 Posterior Inference

Combining the prior distribution with the likelihood function, the Bayesian
approach computes the posterior distribution. This updated distribution encapsulates
refined beliefs about the solution after assimilating observed data. The posterior
mean and variance furnish estimates of the solution, offering a quantifiable measure
of associated uncertainty.
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9.4.3 Types of Bayesian Regularization

¢ Gaussian Processes (GP): A prevalent tool in Bayesian regularization, GPs
model solution spaces as distributions over functions, affording flexible and
expressive priors.

* Bayesian Neural Networks (BNN): In the realm of deep learning, BNNs
extend traditional networks by infusing uncertainty into weights, propagating this
uncertainty through the entire network.

9.4.4 Bayesian Linear Regression Example

Let’s consider a simple example of Bayesian regularization in linear regression. In
this scenario, we have a data set of input-output pairs (x;, y;) and want to fit a linear
model y = mx + b to the data. However, we know from prior knowledge that the
slope m should be close to a specific value my.

We assume a Gaussian prior on the slope m centered around mq with a certain
variance, i.e.,

(m —mo)®
P xexp| ——5—].
(m) o exp ( 2
This represents our prior belief that m is likely to be close to my.
Assuming Gaussian noise, the likelihood function is given by the product of
normal distributions:

1
P (y|X,m,b) o exp <—m > (i —mx; — b)z) -
i

Note that the posterior distribution is proportional to the product of the prior and
likelihood (P (m|y, X,b) o« P(m) - P (y|X,m, b)), the mean of the posterior
distribution gives the Bayesian estimate for m, and the variance provides a measure
of uncertainty. Here, the term (m — mg)? in the prior acts as a regularization term
penalizing deviations of m from my.

In this example, the prior effectively regularizes the estimate of the slope m,
pulling it towards the prior mean m(. The uncertainty in the estimate is captured by
the width of the posterior distribution, see Fig.9.1.
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9.5 Machine Learning Regularization

Machine learning models, while powerful, are susceptible to over fitting, a phe-
nomenon where they memorize training data rather than discerning underlying
patterns. To address this challenge, regularization techniques emerge as a crucial
component, aiming to prevent over fitting and foster superior generalization to new,
unseen data. The essence of regularization lies in striking a delicate balance between
bias and variance. While a highly complex model may fit training data well (low
bias), it risks failing to generalize (high variance). Regularization plays a pivotal
role in finding an optimal trade-off between these competing factors.

9.5.1 Common Regularization Techniques

L1 Regularization, also known as Lasso (Least Absolute Shrinkage and Selection
Operator), is a linear regression technique that introduces a regularization term to
the linear regression objective function. The Lasso objective function is given by:

n p
Minimize Y (yi — $i)* + Y [B)].

i=1 j=1

Here, n is the number of observations, p is the number of features, y; is the actual
output, y; is the predicted output, B ; is the coefficient of the j-th feature, and « is
the regularization parameter, controlling the strength of the regularization.

Lasso has a feature selection property. It tends to drive some coefficients to
zero, effectively performing automatic feature selection. This can be beneficial
when dealing with high-dimensional data sets. Lasso regression is widely used in
scenarios where feature selection is crucial, and a subset of features is expected to
have a significant impact on the target variable.
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L2 Regularization, also known as Ridge regularization, is a linear regression
technique that prevents overfitting by penalizing large coefficients. It is called L2
regularization because it adds the squared magnitude of the coefficients to the
objective function,

n P
Minimize Z (vi — f}i)z +a Z ,312.
i=1 j=1

Ridge regularization shrinks the coefficients towards zero but doesn’t force them to
be exactly zero. This is in contrast to Lasso regularization, which can lead to exact
zero coefficients and feature selection. Ridge regularization is particularly useful
when dealing with multicollinearity (high correlation between features). It helps
stabilize the coefficients and improves the numerical stability of the model.

Elastic Net is a linear regression technique that combines both Lasso and Ridge
regularization. It has the objective function:

MlnlleCZ yi — 3i) Sy AZ|,3/|+—(1—)»)Z/3 ,
Jj= j=

i=1

where « is the overall regularization strength and A is the mixing parameter,
controlling the balance between L1 and L2 regularization. The mixing parameter A
allows adjusting the balance between L1 and L2 regularization. Elastic Net retains
the feature selection property of Lasso while benefiting from the stabilizing effect
of Ridge.

9.5.2 Dropout in Neural Networks

Dropout is a regularization technique commonly used in neural networks to prevent
overfitting. Dropout works as follows. During training, randomly selected neurons
are “dropped out” or set to zero with a certain probability (typically between 0.2 and
0.5). The remaining neurons contribute to the forward pass, and the model learns
with this reduced set of neurons. During testing, all neurons are used, but their
weights are scaled by the dropout probability used during training. This scaling
is applied to ensure that the expected output during testing remains similar to the
expected output during training.
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The dropout rate is a hyperparameter that determines the fraction of neurons to
drop out during training. Dropout introduces noise during training, preventing the
network from fitting the training data too closely and reducing overfitting. Dropout
can be seen as training multiple sub-networks by randomly dropping out different
sets of neurons. This has an ensemble effect, making the model more robust. The
model becomes less sensitive to the specific weights of individual neurons, leading
to better generalization to unseen data.

9.5.3 Additional Regularization Strategies

Early stopping is a strategic regularization approach that involves halting the train-
ing process once the model’s performance on a validation set starts deteriorating.
This preventative measure ensures that the model doesn’t become overly specialized
to the training data, maintaining its adaptability to diverse data sets.

Cross-validation is a crucial tool for evaluating how well a model will generalize
to an independent data set. This process aids in tuning hyperparameters and
selecting the optimal regularization strength, ensuring that the model performs
optimally across various scenarios.

9.5.4 Neural Network Application

We present an example that demonstrates how to use early stopping to prevent over-
fitting and find an optimal stopping point during the training of a neural network.
We create a neural network with one hidden layer containing 10 neurons. The data is
split into training and validation sets. Early stopping is set up with parameters such
as the maximum number of epochs, performance goal, and maximum number of
validation failures before stopping. The neural network is trained using the training
set, and early stopping is applied. The results are shown in Fig. 9.2.
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Chapter 10 ®)
The Application of Spectral Resolution Qe
of a Self-Adjoint Operator to

Approximate Elliptic Source

Identification Problem with

Neumann-Type Integral Condition

Charyyar Ashyralyyev @ and Aysel Cay

Abstract The paper focuses on the study of an elliptic source identification
problem (SIP) with an integral condition for derivatives. Absolute stable difference
scheme (DS) is proposed. Stability inequalities for solution of DS are established.
Primarily DS is converted to auxiliary difference problem with some non local
condition. Uniqueness and existence solution of DS is achieved by applying spectral
resolution of a self-adjoint operator. Later, obtained results are used to establish
stability inequalities for solution of DS for Neumann-type elliptic multidimensional
SIP with integral condition. Finally, numerical illustration for 2D test example is
carried out.

10.1 Introduction

It is well known that inverse problems are a class of mathematical problems where
the goal is to determine the cause of a set of observations or measurements and they
arise in various fields, including physics, engineering, medical imaging, geophysics,
and many others. Theory and methods of solving such type of problems have been
the focus of significant attention and thorough investigation by multiple researchers
(see [1, 3-9, 15-17, 20-22, 24] and the references therein). The operator approach
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provides a rigorous mathematical foundation for stability analysis in a variety of
contexts, contributing to the understanding of differential and difference problems
in Banach and Hilbert spaces (see [2-11, 13—16] and the literature therein).

We consider a Hilbert space H, a self-adjoint positive definite operator (SAPDO)
A on H. Let I denote the identity operator on H. Assume that specific function
f@) e C! ([0, T], H), elements ¢, ¥, € H, number y € [0, T] are given. The
statement A > §1 for some positive number § is related to the positive definiteness
of A.

In paper [8], the authors established well-possedness of Neumann-type elliptic
SIP with integral condition to obtain p € H and u(-) € C%(0,T],H) N
C ([0, T], D (A)) so that

—uu(t) + Au()=f@O)+p, 1€l <t <T,

T 10.1
un(TY = [ B(8) us(s)ds + s (0) = @, uly) = ¢. (10.1)
0

Introduce [0, T]; = {t; = it,i = 1, N, Nt = T}, a uniform grid space with
sufficiently small ¢ > 0. Denote w; = w(#;),0 <i < N.
Let the given function g satisfy the following assumption

N—1
> 1Bici = Bil + 1Bv-al + 1Bl < 1. (10.2)
i=1

Since A is SAPDO, the operator C = %(‘L’A + A/4A 4+ t2A2) is also SAPDO
[14, 18].
In [12], the solution of difference scheme (DS)
— (i = 2ui v Ay =fi, 1<i<N-1

for given elements vy and vy is represented by formula

vi = P [(Ai2n—-i) vo+ AN—iN+iVN] — PAN_i N+

Nt Nl . (10.3)
XD 3 AN Nt fiT+D Y AN fit, 1Si <N -1,
j=1 j=1

where

R=(U+t0)", P =U—-R" A ; =R —R/,
D= (UI+1C)QRI+zC) ¢
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Let « € (0, 1) be fixed number. We will use C;(H), C2(H), and C¥*(H),
denote the Banach spaces of H-valued grid functions w,; = {wk},](\];l] with the
corresponding norms which described in [6], p.7 .

10.2 Absolute Stable DS for SIP

By using spectral resolution of a SAPDO A, it can be showed that, for every bounded
continuous scalar function g, function of operator g(A) is bounded and the estimate

I g(A) I= sup [g(A)] (10.4)

§<A<o0

is valid [19, page 21]. Notice that here and in future for shortening we will use
symbol || B | instead of || B ||g— g for operator B : H — H. Now, we give some
lemmas which follow from spectral resolution of a SAPDO.

Lemma 10.1 ([12]) The following estimates hold:

I R¥II< M (8) (1 +821)7, | CR* ||< M@ § > 1,

(10.5)
| Pll<M(@$), s=>0.
Lemma 10.2 The operator
2
G =(—R):? <R2N—2 (I+R)*— (1 T RzN_l) )
is invertible, that is, there exists bounded G~ so that
1G =M @©). (10.6)

Proof 1t is easy to see that
G = —(I —R)? (1 - R2N—2) P.

From (10.4) it implies that

1
(I —=R)2|< sup |[|1-— < M),

phzos 1+ (m+«/4x+12x2)
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-1

—1 1
I(1=Rr"2) = swp |[1- —
§<h<oo [1 +3 (rk+\/4k+1212)]

<M(®). (10.7)

Applying (10.5) and (10.7), we can establish that the operator G has inverse and
estimate (10.6) is true. |

Lemma 10.3 Suppose that assumption (10.2) is satisfied, then the following oper-
ator

G = A2, <R2N—2 (I +R)? - (1 n R2N—1)2> ~ Aos (1 n RZN_l)
N-2
{— Z T[Bi-1 — Bil AN—iN+i + [T (BN-1 — BN-2)] A12N—1
i=l

—TBN-1 Ao,zN} — AN_1,N+1 {Tﬁtvo,zN

N-2

+T (BN—1 — Bv-2) AN—ing1 — Y TIBio1 — ﬂi]Ai,ZN—i} (10.8)
i=1
has a bounded inverse Gl_1 such that

I GT lgsn< M (5). (10.9)

Proof The operator G| can be rewritten as

N=2 . ,
G =G+ Ao1Aooy Y Tl Bimt — Bl (RVNTL 4+ RV
i=1
—T (Bn-1 — BN-2) [A0,1 (I4+R*™D)Aan-1 — A%,_LNH]

+20,1 (I +R*M 1) AgantBn—1 — Ao 2N AN—1,N+1TPo-
Denote by Q = G, 0= Gf]. Then, the relation

01— 0=0108 (10.10)
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is true, where

N-2 ' .
S =Ao01802v X TIBi-1 — Bl (RVYH + RV)

i=1

—T (BN-1 — Bn-2) [Ao,l (I+R*N"Y) A anog — A?\,_LNH]
+20,1 (I + R*N71) AgantBy—1 — Ao an AN 1N +1Tho.

By using Cauchy Schwarz and triangle inequalities, we can get

N-2 ) '
151 = ¢ 0. [ Aoan ] 'S 161 — il [R50 + | RV
i=1

vt~y (|30l 17+ B [Avana] + [an-svarl]
+t | Ao | |7+ RN [ A0an] 18-l
+7 | Aoan| |AN=1.8+1] Bol

N—1

<tM; Y |Bi—1 — Bil + Ma|BN—1] + M3 |Bol < TMy,
i=1
(10.11)

where, M4 does not depend on 7. Thus, we can obtain

11l < IO+ NCINQIISI = M+ [ Q1]| MMy

for any positive parameter t. Thus, estimate (10.9) is proved. Now, we will associate
primary SIP (10.1) with the appropriate first order of ADS

U2 o fu = fi+p 1 SKSN -

N-l (10.12)
up—up=tQ,u; =¢,uy —un—1 =y thi(uit1 —u;) + .
i=0

Here, [ is greatest integer part of % O

Theorem 10.1 Suppose that assumption (10.2) is satisfied, ¢,n,¢ € D(A),and
fr= {fk}]i\/:_l1 € C¥*(H) are given. Then, the solution (ur, p) of DS (10.12) obeys
the following stability estimates

luclic,am = M @ [lela +181a +100s + 1 felcan].  (1013)
[47p| = M@ Lol + el + 1010+ 1 fele,an]. (10.14
1
1Pl < M @) [nAwnH AL+ 1AV Ly + s ||ff||cg,a(,,)}

(10.15)
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Proof Applying

up = v + A" p, (10.16)
one can obtain the auxiliary difference problem with two conditions as follows

— 2Rl py = fi 1<k <N -1
N-2
v —vo =7¢, Thovo— > TIBi-1—Bil vi (10.17)

i=1

+[=1+7Brn-1—Brv-2)lvn—1+[1 —By_1]lVvN = TV.

First condition gives us relation

(Ar2n—1 — Aoan) vo + An—1n41vy = F) (10.18)
with
N-1
Fi=Ay_1,N+1D Z An—jn+jfiT

j=1

N—1

— AoonD Z Ajl—jl14j fiT + TAo2Ng.
j=1

Second condition gives us relation

N-=2 , .
{fﬂ(to)(l —R*N) - Lol i) = @) (R — R*N)
+ =1+ 1 (BUn-1) — Bltn—2)] (RN =1 = RV 1)} wg

N=2 _ '
+ {— > Tl BUi-1) = Bl (RV™H = RNT) 4+ [1 — ety -1)]

i=1
x(I = RNy + [-1+ 7 (B(ty—1) — Btn—2)]1 (R — R*N "N} oy = F>

(10.19)
with
N-2 N-1
Fy=1tAoanY + ) t(Bic1 — B) | AN—in+iD Y AN—jn+jfiT
i=1 j=1
N-1
—Ao2nD Y AjijritjfiT |+ =1+ T (Bv-1 — Bn-2)]
j=1
N-1 N-1

X[A1oN—1D Y AN_jN+j fiT— DoanD D An—i—jin—14jfiT]-
j=1 j=1
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It is easy to get

Aron—1 — Aoon = Aot (T4 RPN, (Aran—1 — Aoan)
[—A12v=1 + Ao2n)]
_ 2
AN LN AN = ARy (RV2 (14 R — (14 R2V1)?).

It is invertible and has bounded inverse Gl_l. So, solution of this linear system of
equations can be derived by formula

i=1

N-2
v =Gy {[— YotlBi — 1= BilAN—iNti +[=14+ 7 (Bv-1 — Bn-2)]

N—1
xAron—1 +[1 = Bn—1]1Aoon ]| An—i,n41D Y AN—jN+j fiT
j=1
N—1 N—1
—NoonD Y Ajn—jiati fit | An—iN+iD Y An—jN+jfiT
i=1 i=1
N2

+7A0oNg — AN—1N+1 | TAoaNY+ D T[Bi—1 — Bil
i=1

j=1 j=1
N—1

+[—14+7(Bn-1 —BN-21—D02ND > AN—1—jiN-1+,fiT
j=1

N-1 N—-1
x [Al,zN—lD > AN—jN+jfiT — DoanD Y A|i—j,i+jfif]

(10.20)

and

N=-2
vy =Gy {(R — R*NZL— 14 R?V) [r(! — R*Myy+ Y t[Blti-1) — )]
i=1

N-1
% |:(RN_i _RN-H)D Zl (RN—j _ RN+j) f/l'
J=

—1

N o L
—(I = R*M)D 3 (R~ R'™) f,-r} +=1+ 7 (Btn-1) = Bltn-2))]

j=1

=

—1
x (R= RN D Y (RN = RN gy
1

~.
Il

N-1

—(I - R*M)D (R'N_l_“ - RN—1+J') £t | = By — R™)

—1

~
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N-2

=Y el Blin = Bl (R = RYT) 4 [=1+ 7 (Bltn-1) — Bluw—2))]

i=1

% (RNfl _ RN+1) (RNfl _ RN+1) DN71 <RN*f _ RN+j> £t
j=1
N—1
~I-R%D Y (R“—J" - R1+J') fit+1Ud — RNl (10.21)
j=1

Thus, it follows existence of a unique solution {vk},i\/:0 of difference prob-
lem (10.17). Solution is defined by (10.3), (10.20), and (10.21). By using formu-
las (10.3), (10.20),(10.21), estimates (10.5), (10.9), one can obtain

loellc, iy = M &) [l@lly + 1y + 19y + 1 felle, ] (10.22)

[CTahin

Vg1 =20k +H0k— N-1
+1
) T k=1

&% H

C?*"‘(H) (1023)
< M ©® | ars 1ol o

w FIACU +1Agl + 1A¥ 1 4]

The proofs of inequalities (10.14) and (10.15) for solution of difference
problem (10.12) are based on formula (10.16) and corresponding esti-
mates (10.22), (10.23). Finally, by using (10.14), (10.16), (10.22), we can achieve
inequality (10.13). O

Theorem 10.2 Assume that (10.2) is satisfied, fr € C@*(H), and ¢, ¢,y € D(A).
Then, for solution (u., p) of difference problem (10.12) the coercive stability
estimate

+lply
T (10.24)

< M () [ﬁ I fell e, + 14015+ IAC I + ||Aw||H}

Ugp1 —2upFug— N-1
s k=1

| (Au 5!

+
C%(H)

holds.

The proof of inequality (10.24) is based on formulas (10.3), (10.16), (10.20), (10.21),
and estimates (10.15), (10.23).
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10.3 DS for Multidimensional Problem

In paper [8], the stability estimates for a solution of SIP for multidimensional elliptic
equation

—up(t,x) — Zl(ar(x)ux,(t,x))x, +ou(t,x) = f(t,x) + plx),

(t,x) € (0,T) x 2,
u(y,x) =¢(x),u (0,x) =9 (x),
T

ur (T, x) = [ B(s)us (s,x)ds + ¥ (x), x €
0
w(t,x) =0, (t,x) €[0,T] x S

(10.25)

under all compatibility conditions were established. Here, 2 = (0, 1)"” is the open
unit cube in R" with boundary S, Q=QUS; q, ¢, @,¥ , f are given smooth
functions; Vx € @, a,(x) > ap > 0;0 > 0,0 < y < T are known numbers.
Abstract Theorems 10.1 and 10.2 allow us to get the appropriate first order of ADS
for multidimensional SIP (10.25). Discretization of SIP (10.25) will be carried out
in two steps. Firstly, for the grid spaces, we use the following notations:

{ (hlmla~--ahnmn);m=(m1»~-~amn)s

i=0,M;, hiMi=1,i=1n},
QhZQhﬂQ,ShZSNZhﬂS.

We define Aj as difference operator

n

A" () == (ai (ult (x)) toul(x)

XisJi
i=1 isJi

acting in the space of grid functions u’ (x), satisfying the condition u”(x) = 0 for
all x € Sp,. It is known that the operator Aj; is a SAPDO.

By using these notations, one can arrive at the next problem for a system of
ordinary differential equations

—ECLD L Agub (e, x) = ) + ), x € @, 1€ O,T),
duh(O x) _ (p(x) ul(y, x) = ch(x), (10.26)
du” (T x) fﬂ ()\’) (S X) dS — wh(x) X € Qh
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Secondly, problem (10.26) is replaced by

— 2 [ (0) = 2uf(x) + uf_ ()] + Ajul (x) = £l + p" (),
1<k<N-1, x €y,
ull (x) — ull(x) = 19" (x),

N-—1

uly () —uly_ (x) = Z B (uf, (%) — ul (x)) + Ty (x),

(X)—€ (x), erh

(10.27)
For each x € ﬁh, the value of p’(x) is defined by
h _ AXsh x.,.h
') = Afe" () — AR (y, x). (10.28)

Denote by Ly, = L2(§h) and th = W22(§h), the Banach spaces of the grid
functions w"(x) = {w(himy,--- , hym,)} defined on €2, equipped with the
appropriate norms

[wh],,, = Cres, WPy - i)'/,
” wh H szh = ”wh”LZh + (erﬁh Z?:l |(wh(x))x,- |2h1 e 'hn)1/2
F(Ceed, Yoy [ O i) -+ i) V2.

Assume that both t and || = ,/ h% + - -+ + h2 are small positive fixed real numbers.

Theorem 10.3 Suppose that inequality (10.2) is valid. Then, the solution u, of
DS (10.27) exists and for solution, the stability inequalities hold:

”uT”CT(LZh) = M((S) [“(ph ||L2h + ||ChHL2h + Hwh ||L2h + ”fT”Cr(LZh)]
191 = MO 1]z + 1"z + 10"z + gy 1l ]

Theorem 10.4 Suppose that assumption (10.2) is satisfied, then for the solution of
DS (10.27), the coercive stability inequality holds:

N-—1
h hoy ok
{ T s )}
e S—

1

+
Cr(Lap)
= MOy, + 10" w2, + 19" w2 + ar=e

C N Y P
[an

The proofs of these Theorems are based on the symmetry property of operator Ay
in Hilbert space Ly, and the corresponding theorem in [23] on the coercive stability
estimate for the solution of the elliptic difference problem in Ly, with first kind of
boundary condition.

Ce(Lop)™
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10.4 Numerical Illustration

Now, we will outlet numerical results for 2D test example of Neumann-type elliptic
SIP with integral condition. Presented numerical results are carried out in framework

of MATLAB.
It is easy to check that the pair of appropriate functions

(e, x), p) = (™ +1+1)q@), (72 41) g))g() = sinGrx)
is exact solution of the next 2D elliptic SIP:

—uu(t,x) —uxx(t, x) +ult,x)= f(t,x) + px), 0<t,x <1,
1

u;(0,x) =0, u(0.2,x) = ¢(x), u; (1, x) = fe_sus(s)ds +vYx), 0<x <1,
0

u,0 =0, u(¢,1)=0,0<tr<1.
(10.29)

Here, f(1,x) = q(x) (—e™" + (72 +1) (™ +1)), ¥ (x) = [% - %e‘z]q(x),
c(x) = (e_é + %) q(x). The set of uniform grid points [0, 1], x [0, 1], is defined

by
[0, 1]z x [0, 1]p = {(tk, x») 1tk = k1,0 <k <N, x, =nh,0 <n < M},

which depends on sufficiently small parameters t and % so that Nt = 1, Mh = 1.
Let!/ =1[0.27], uo = 0.2t — [,

On =090 =% (X)), & = ¢ (%) s f¥ = ftr,%,),0<k <N,0<n <M.

Now, we will present algorithm with three stages for solving (10.29) approxi-
mately. In the Ist stage of algorithm, we search approximate solution of suitable
auxiliary nonlocal boundary value problem (ANBVP). The Ist order of accuracy
DS in ¢ and the 2nd order of accuracy DS in x for appropriate ANBVP can be
written as

k

k1 _ ok 4o k—1 vk vk
Uy Tvzn+vn +;1+] th ”_1—Uﬁz—fr{{,lfi’lSM—l,lSkSN—l,
k _ k _ _ 1 0 _
vy =0, vy, =0, k=0,---,N, v, —v, =0,
NNt N
v, —vp =) te (vn —vn)—i—rdf,,, 0O<n<M.
=0

(10.30)
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Now, in the 2nd stage of algorithm, we calculate p, by

B (Cn+1 — vﬁH—l) =2(%n — viz) + (Cn-1 — viz—l)
h2

Pn= +(Gu—vl), 1<n<M-1.

DS (10.30) can be rewritten in the matrix form as follows

A B Copo1=1g"™, 1 <n<M-—1,
vn—H_j_ Un +_)vn 1 g — n — (1031)
Vo) = 0 , U = 0.
Here, g™ is a column matrix with (N + 1) elements, A, B, C are square matrices
with (N +1)2, and [ is identity matrix, v, is column matrix vy = [v? ... ¥ ]t s =
n — 1,n,n + 1. Denote by

1 1 2 2

hzvcz 17r=_7

a= =T E T =0
A, =C,=diag(0,a,a,...,a,0).

Then,

g]En) = — f(tk, xn), k=1,N—-1,n=1,M — 17gr(l) = T¢n, grllV = 1Yy,

n=1M-1
b, =q,bi_1; =r,bjj1 =r,i=2,N;bj1 =—1,b12=1,byy1,n+1
Te IN-1
=1- ,
2

Te IN-2 3 e e h2
bytin=—-1—- 3 by = (5 + T) T,byy12 = (—2 + —) T,

b (1 e — e
N+13 = | 5 5 T,

e li-1 — g7 li+2

3 1,j=3,...,N—1;b;j =0,for otheri and j.

bnt1,j = —

Lastly, in the third stage, we define {uX} by u¥ = vk + ¢, — v} . To find a
numerical solution of (10.31), we apply a modification of the Gauss elimination
method.

Calculated errors are presented in Tables 10.1, 10.2, and 10.3 for the first order
of ADS in case of (N, M) = (20,20), (N, M) = (40,40), (N, M) = (80, 80)
and (N, M) = (160, 160), respectively. Table 10.1 presents the error between
the exact solution of NBVP and the solution derived by difference schemes.
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Table 10.1 Error for auxiliary function v

DS/(N, M) (20,20) (40,40) (80,80) (160,160)
First order of ADS 7.09 x 1073 3.10 x 1073 1.44 x 1073 6.94 x 10~

Table 10.2 Error for function u

DS/(N, M) (20,20) (40,40) (80,80) (160,160)
First order of ADS 3.16 x 1073 1.50 x 1073 7.38 x 1074 3.65x 1074

Table 10.3 Error for function p

Approximation/(N, M) (20,20) (40,40) (80,80) (160,160)
First order of ADS 3.23 x 1072 1.55 x 1072 7.60 x 1073 3.76 x 1073

Table 10.2 demonstrates values of error between exact and approximate solutions
of u. Table 10.3 shows error for p.

10.5 Conclusion

In this paper, we study the approximation of an elliptic overdetermined second kind
boundary value problem with integral condition. We construct the first order of
ADS for the approximate solution of the overdetermined problem. By using spectral
resolution of a self-adjoint operator, we establish stability inequalities for solutions
of difference scheme. Later, these results are used to achieve stability inequalities
for approximate solution of Neumann-type multidimensional source identification
elliptic problem. Finally, we give numerical results for a 2D test example.
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Chapter 11 ®
A Note on Numerical Solution e
of a Parabolic Source Identification

Problem with Involution and Robin

Condition

Abdullah S. Erdogan

Abstract This paper investigates a space source identification problem for
parabolic equations involving involution and Robin conditions. The investigation
establishes the well-posedness of the associated differential equation and introduces
a stable difference scheme accompanied by stability estimates. Numerical results,
serving as validation for the theoretical findings, are also presented.

11.1 Introduction

Several authors have explored numerical solutions and theoretical aspects of point
source identification problems for parabolic equations, establishing well-posedness
conditions and developing finite difference methods (see [1-9] and the references
therein). Moreover, prior studies [10—14] investigated partial differential equations
with involution, focusing on well-posedness and stability. This paper extends the
results of [15, 16] to Robin boundary conditions. Robin boundary conditions repre-
sent a weighted combination of Dirichlet and Neumann boundary conditions. They
are alternatively known as impedance boundary conditions, a term derived from
their application in electromagnetic problems, or convective boundary conditions,
owing to their relevance in heat transfer problems. If we think of heat conduction in
a body, then the Neumann boundary condition describes an isolated body, while
Robin conditions come into play when a portion of the heat is absorbed at the
boundary [17].

Building upon the work of [15, 16], the paper contributes to study of a space
source identification problem for parabolic equation with involution and Robin
condition. The well-posedness theorem on the differential equation of the source
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identification parabolic problem is given. A stable difference scheme is constructed.
Theoretical results are supported by a numerical experiment.

11.2 The Differential Problem and Its Stability

In this section, for the one dimensional parabolic differential equation we consider
the space source identification problem with involution and Robin condition

ur(t, x) — (a(ux (t, x))y — B (a(=x)uy (t, —x)), +ou(t, x)

=px)+ f@t,x), —l<x<l,0<t<T,

ut, =) =8uct, ), 0=t =T, (11.1)
—u(t,l) = puyt, 1), 0<t<T,

u0,x) =), u(T,x) =¢¥(x), —l<x <L

Problem (11.1) has a unique solution (u(f, x), p(x)) for the smooth functions
f@,x) ((1,x) € (0, T) x (=1,),a za(x) =a(-x) =26 >0,8—alpl =
0(xe(LD),px), ¥vx), xe[-LI],E >0,u>0,ando > 0.

Prior to giving the theorems on stability, we note that the Hilbert and Sobolev spaces
used throughout the article were given in [16].

Theorem 11.1 Suppose that ¢, € W22 [—I,11. Let f(t,x) be continuously
differentiable int on [0, T x [—1, [] function. Then, the solution of the identification
problem (11.1) satisfies the stability estimates

wctonascon + [0
lalleqo.rrat-m + | 47|

<M;(,0,8,]) [”‘P”Lz[—l,l] + Il y—ry + ||f||c([o,T],L2[71,1])] ) (11.2)

||14||c(l)([(),T],L2[_1,1]) + ”u”C([O,T],sz[fl,l]) + Pl -0

<My (,0,B,0) [||§0||W22[_1,1] + HWHW%[—I,I] + “f”C(l)([O’T]’LZ[O’l])] . (11.3)

Here, M1 (8, 0, B,1) and M> (8, o, B,1) do not depend on ¢(x), ¥ (x) and f(t, x).
The Sobolev space sz [—1,1] is defined as the set of all functions u(x) defined on
[0, [] such that u(x) and the second order derivative function u” (x) are all locally
integrable in Ly[—1, 1], equipped the norm

1
2

I 3 I
2
2 = / uCoPde | + / o) dx
—1 —1
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Proof Problem (11.1) can be written in abstract form

du(r) _
{ G+ Au()=p+ f(1),0<1t<T, (11.4)

u@ = u(l) =y

in a Hilbert space H = Ly[—I, [] with self-adjoint positive definite operator A = A*
defined by the formula

Atu(x) = — (a@ux (x), — B (a(=x)ux (=x))x + ou (x) (1L.5)
with the domain D(AY) = {u € W22 (=L, :u(=D)—&u(=D)=—-u()— pu
) = 0}.

The proof of Theorem 11.1 is based on the symmetry properties of the space
operator A as detailed in [10]. |

11.3 The Difference Scheme and Its Stability

In this section, for the approximate solution of identification problem (11.1), we
consider a stable difference scheme beginning with the discretization of source
identification problem (11.1) by defining the grid space

[l ={x=xp:x,=nh, =M <n <M, Mh =1}.

To the differential operator A of (11.5) generated for the differential problem, we
assign the difference operator Aj; by the formula

Aol (x) = {—(@@)ox())r — Ba(—X)wx(—x)),, +ow ML (11.6)

acting in the space of grid functions o’ (x) = {w,}¥ )y satisfying the conditions
w_p = —£ w—M*;lU—MJrl and —wy = MwM*th—l'

Using A7, we reach to the following identification problem

ull(t, x) + Aful(t,x) = p" )+ fht, x), x e [-1,1],, 0 <t < T,
u (0, x) = " (x), u" (T, x) = Y"(x), x € [=1,1];.
(11.7)
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Next, let’s replace source identification problem (11.7) with the following first
order of accuracy difference scheme

Fo—ul_(
SO Al (6) = PP+ Sl ) = ),
th=kt,1<k<N,Nt=T,x e[-1], (11.8)
ul () = " 00), ul, (x) = Y (x), x € [, 1] .
We obtained the following stability estimate for the solution { {ul(x) }év ,p" (x)}
of problem (11.8).

Theorem 11.2 The following stability estimates
N

h
‘{Mk}o

<o [, + [

e

Cr(Lay) Lo

N

CI(LZh):|

wp =" N
- + {ut] +|p"] =m0 80
T 0 Cq (szh) Lan

L2h+ {fkhll

e @

N

+ max
Ly,  2<k=<N

S (=)

hold, where M3 (8, o, B,1) and M4 (8, o, B,1) do not depend on t, h, fkh, 1<k<
N, ¢" (x) and " (x).

+ | £ 2

h h
|: W3, w3, I
2h

The proof of the theorem is based on the self- adjointness and positive definiteness
of the space difference operator A in Loy [10].

11.4 Numerical Results

Numerical methods serve as indispensable tools for achieving approximate results.
In this section, we construct a first-order difference scheme for approximating
the solution to a source identification problem, further supporting our theoretical
findings with a numerical example.
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We consider the identification problem with the Robin condition

1
Uz (t5x) — Uxx (t’x) - jux,x (t’ _x) +l/l(t,x)
= p(x) —sinx 4 costcosx +%sintcosx + sint + cost,

x€(—m,m),t e 0,m), (11.9)
u@0,x)=0,u(m,x)=0,x € [—m, 7],
u(t,—m)=uy(t,—m),u(t,m) = —u,(,m),t €0, ]

for a parabolic equation with involution. The exact solution is
(u(t,x), p(x)) = (sint(l +cosx),sinx), —m <x <m,0<rt<m.
For the numerical solution of source identification problem (11.9), we construct a
difference scheme by the following steps. First, the set [0, 7], x [—m, ], of all
grid points is defined by
[0, 7], x [, 7]y = {(tk, Xn) : 1k = k7,0 <k <N,

Nt =m,x, =nh,—-M <n<M,Mh=m}.

Second, we present the first order of accuracy difference scheme in ¢

-1 (,,k k—1 =2 (,,k k k
T . (Mzn _k”n ) - hk (”n—]tl — 2u, —:”n—l)
—5h~ (“—n+1 —2u’, + u_n_l) +u, = pn — sinx, + sint; + cos

+ cos t; cos x, + %sintkcosxn, 1<k<N,-M+1<n<M-—1,
ud =0,ull =0,—-M <n <M,
X k ko k
k Uy UM+l _ k Upy Uy
u_y+——F—""=uy+-"5"—=00<k<N.
. . . . N M
To get the approximate solution, in the first step, we obtam[{wn}o } y as
ne—
solution of nonlocal boundary value problem
—1 k k—1 -2 k k k
T . (u;n _kwn ) - hk (w’”,gl — 2w, "]: wnfl)
_Eh (w—n—H - 2w—n + w—n—l) +w,
= —sinx, + cos#; cosx, + %sintkcosxn, 1<k<N,-M+1<n<M-1,
wg—wéV:O,—anfM,
ko k ko k
ot — yt  Phtes g 0 <k <,
(11.10)
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where wﬁ denotes the numerical approximation of w(#, x) at (f, x,,). The solution
of difference scheme (11.10) is obtained after rewriting it in the following matrix
form:

’

(11.11)

{ Awpi1 + Bwy, + Awy— 1 + Cw_py1 + Dw_py + Cw_y_1 = fp,
Aw_yy1+ Bw_y + Aw_p—1 + Cwyyy + Dwy + Cwpog = frop,

1§n§M—1,< (1 +hwy )=<U)M_1 )

0+ hw_y W_pM+1

Here, wg fors = n, nt1, and f, are (N + 1) x 1 column matrices, and (N + 1) x
(N + 1) square matrices A, B, C, D are defined as

F000.00 ] (100 . 00-1]
0k0.00 Ap 0 . 000
Oru . 000

A= 00k.00  B= o ’
000.x0 000 . Ap0
[000.0x | (000 . 0x |

1
C=-A, D=-A.
2

Here, xk = — A= —% and u = % + h% + 1. Grouping expression (11.11) as

el

’

{ Awpi1 +Cw_p_y1 + Bw, + Dw_y, + Awy—1 + Cw_yy1 = fo,
Cwpp1 +Aw_p_1 + Dwy + Bw_y, + Cwy—1 + Aw_yq1 = fop,

and defining Z, = < Wn )and o = ( I ),the system can be written as
W—p S=n
AC B D AC
zZ zZ Zy_1 = I<n<M-1
(CA) n+1+<DB> ”+<CA> n—1=¢n, 1 <n =< >

I+h)Zy =Zy-1.
(11.12)

For solving system (11.12), we use the Gauss elimination method. To set up the
Gauss elimination, we define

Zn = api1 Znat + Pritn=M—1,...,1, (11.13)
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where o, (1 < n < M) are QN+2)x(2N+2) square matrices and 8, (1 <n < M)
are (2N + 2) x 1 column vectors, calculated as,

ant1 = — (Pay, + Q)7' P,
But1 = (Pay + O) ' (Ipy — PBy), (11.14)
n=1,....,. M —1,

AC B D . . .
where P = <CA >andQ = (DB )andlls (2N +2) x (2N + 2) identity

matrix.
Now, let’s we evaluate o, and 8, (1 <n < M). Since,

b0 = So _ [ Awi +Cw_ 4 Bwg + Dwyg I Aw_1 + Cw;
0= fo T\ Cw; + Aw_, Dwgy + Bwy Cw_1+ Aw; )’

we get

—1
wo B D A+CA+C
Zo = = _ Z
0 (m) (DB) {(A+CA+C>1+%}

and
o __(BD\ '(A+cCca+c
'="\psB A+CA+C )’

-1
ﬂ1=(§§> do.

We use iteration (11.14) to obtain o, and B, (1 < n < M) values.
Since (1 4+ h)Zy = Zp—1, using formula (11.13), we first get

—1
Zu=+m" Zy = (A+m~ w I —au)  Bu.

Wn

Next, using recursive formula (11.13), all Z,, = <
W—pn

) values are obtained.

We use the formula ([5, Equation 8]) to get p,:

N N N N N N
W, = 2w, +w,”, 1wl —2w?, +w?, N
Pn = + - —w

h? 2 h? "

for—-M+1<n<M-—1.
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Table 11.1 Error analysis Errors 1Ep oo | I1Eullo

N=M=20 |0.1852 |0.0907
N=M=40 |0.0927 |0.0396
N=M=280 |0.0464 |0.0184
N =M =160 |0.0232 |0.0089

Finally, by the formula (for details, see [5])

uk=wk —wV n=-M -M+1,... .M, k=0,...,N,

n

M

. . : N
we obtain the numerical solution [ {uk} k—O} :
—In=-—M

Let u (t, x) and p(x) represent the exact solution, u’n‘ represent the numerical
solutions at (#, x,), and p, represent the numerical solutions at x,. The maximum
error between the exact solution and numerical solution is computed using the
following formulas:

IEulloo = max |u (te, xn) — uk],
0<k<N,—M<n<M
E = max Xpn) — .
I p”oo Yy |p (xn) — pal

Error analysis for various N and M values are given in Table 11.1.

11.5 Conclusion

The present study investigated the source identification problem for a parabolic
equation with involution and Robin boundary conditions. Employing mathematical
tools, we established the well-posedness of the differential problem and derived
stability estimates for a first-order difference scheme. To support our theoretical
framework, a test problem was constructed and solved numerically using the
modified Gauss elimination method. The resulting numerical values, summarized
in the above table, exhibit the anticipated proportionality of errors to the step size,
thereby providing strong validation for our analytical findings.
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Chapter 12 )
On Sixth Order of Accuracy Four-Step oo
Difference Schemes for the Fourth-Order
Differential Equations

Maral A. Ashyralyyeva ) and Ibrahim Mohammed Ibrahim

Abstract Local and nonlocal boundary value problems for the fourth-order differ-
ential equations with dependent coefficients are studied. For solving these problems
numerical solutions of novelly compact four-step difference schemes of sixth order
of approximation generated by Taylor’s decomposition on five points are presented.
The theoretical statements for the solution of these difference schemes are supported
by the results of numerical experiments.

12.1 Introduction

In applied sciences usually a highly accurate algorithm for the solution of problem
is searched when exact solution could not be found. Hence, a task of current interest
is the construction and investigation of highly accurate difference schemes for
ordinary and partial differential equations with dependent coefficients. Application
of Taylor’s decomposition on two and three points for the numerical solution of
compact finite difference schemes of high order approximation of linear ordinary
and partial differential equations was well-investigated (see, for example [1-3]).
Taylor’s decomposition on four and five points for the numerical solution a
high-order of approximation compact finite difference schemes of linear ordinary
and partial differential equations was not well-investigated. In papers [4, 5] and
[6], three-step difference schemes of the fourth order of approximation generated
by the Taylor’s decomposition on four points for the numerical solutions of the
local and nonlocal boundary-value problems for third-order ordinary and partial
differential equations were investigated. Application of Taylor’s decomposition on
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four points for the numerical solutions of third-order time-varying linear dynamical
systems was presented. The method was illustrated for the numerical analysis of
an up-converter used in communication systems. Taylor’s decomposition on five
points for the numerical solution of compact finite difference schemes of high
order approximation of ordinary and partial differential equations was not well-
investigated.

In paper [7], the four-step difference schemes generated by the Taylor’s decom-
position on five points of the sixth order of approximation for the numerical
solutions of the boundary-value problem of the form

dr#

(12.1)
u(0) =@, u'(0) =y, u(T) =w,u'(T) =

{ dw®) |G = f(1),0 <t <T,

for the fourth-order differential equation with dependent coefficient was presented.
Here, and in future, a(¢) and f(¢) are given smooth functions defined on [0, T].

In [8] , there has been an investigation of fourth and sixth order of accuracy
difference schemes of numerical solutions for local problems of fourth-order
ordinary differential equations, these problems were studied by using numerical
solutions of high-order accurate compact finite difference schemes generated by
Taylor decomposition on five points.

Boundary value problems for ordinary differential equations play a very impor-
tant role in both theory and applications. They are used to describe a large number
of physical, biological and chemical phenomena. The work of Timoshenko [9] on
elasticity, the monograph by Soedel [10] on deformation of structures, and the
work of Dulacska [11] on the effects of soil settlement are rich sources of such
applications.

There has been a great deal of research work on boundary value problems for
second and higher order differential equations, and we cite as recent contributions
the papers of Anderson and Davis [12], Baxley and Haywood [13], Hao and Liu
[14]. For surveys of known results and additional references we refer the reader to
the monographs by Agarwal et al. [15, 16].

However, to the best of our knowledge, in the aforementioned papers and much
other existing literature on ordinary differential equations mainly the multi-point
boundary value problem for second order ordinary differential equations or the
two-point boundary value problem for higher order ordinary differential equations
were studied. There are very few works on the multi-point boundary value problem
for higher order ordinary differential equations. For this reason, we are going to
investigate the fourth order ordinary differential equation (12.1).

Nonlinear type version of Eq. (12.1), often referred to as the beam equation, has
been studied under a variety of boundary conditions. A brief and easily accessible
discussion and the physical interpretation for some of the boundary conditions
associated with the linear beam equation can be found in the work of Zill and
Cullen [17] . Multi-point boundary conditions of the type considered in this work
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are also somewhat different from the conjugate [18], focal [12, 19], and Lidstone
[20] conditions that are commonly encountered in the literature.

Linear differential equations are subject to some boundary conditions arise in
the mathematical description of some physical systems, for example, mathematical
models of deflection of beams. These beams, which appear in many structures,
deflect under their own weight or under the influence of some external forces. For
example, if a load is applied to the beam in a vertical plane containing the axis of
symmetry, the beam undergoes a distortion, and the curve connecting the centroids
of all cross sections is called the deflection curve or elastic curve.

In the present paper, we study the four-step difference difference schemes of the
high order of approximation for the numerical solutions of local boundary-value
problem of the form

d*u(t) _
i +au@)=f1),0<t<T, (12.2)
u(0) = ¢, u"”(0) =y, u(T) = 0, u"(T) = x,
and nonlocal boundary-value problem of the form
Cun) 4 a@yu) = f0,0 <1 <T,
t
u(©0) =u(T)+ ¢, u'(0) =u'(T) + ¥, u"(0) = u"(T) + o, (12.3)

u///(o) — M///(T) + X

for the fourth-order differential equation. We consider the five points tx12, fr41, %
of the uniform grid space

[0, T]; ={tx =kt,k=0,1,--, N, Nt =T}.

The main aim of this work is the construction of high accurate four-step
difference schemes for the numerical solution of fourth order differential equations.
In the present paper, finite difference schemes of sixth order of approximation
generated by Taylor’s decomposition on five points for solving these problems are
presented. The theoretical statements for the solution of these difference schemes
are supported by the results of numerical experiments. The study of this paper is
organized as follows. Section 12.1 is introduction. In Sects. 12.2 and 12.3, local
and nonlocal boundary value problems (12.2), and (12.3) are considered. A novel
numerical method for the solutions of these problems are investigated. Finally,
Sect. 12.4 is conclusion and our future plans.
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12.2 The Local Boundary Value Problem (12.2)

The construction of the sixth order of approximation for the approximate solution
of problem (12.2) is based on the Taylor’s decomposition on five points

Theorem 12.1 ([7]) Let the functions v(t) (0 < t < T) have a tenth continuous

derivative. Then the following relation holds:

T W (tr12) — 4 (1) + 6V(5x) — 4(—1) + v(tx—2)) (12.4)

237
~3qg" @ — (v<4><tk+1>+v<4>(tk 1))+—(v<4>(rk+z)+v< "(1i-2)) = 0(z°)

and sixth order of approximation formulas for v’ (0) and v"' (T).

Theorem 12.2 Let the functions v(t)(0 < t < T) have a thirteenth continuous
derivative and ty12, tr+1, ty € [0, T]¢. Then, the following relations hold

" 5[ 801 349 18353 2391
v (0) = v(O0)+—v(r) — ———v(27) + v (37) (12.5)
120 0
1457 4891 561 52 46
— V(T + v (57) - Tu 6T )+—v(7t)—mv(8t)} (r(’),
o (1) =13 3 oy - 3P v (T =)+ 18353 7 —20) (12.6)
- 80 120 ’
L L N I () NP
10 ° 6 ° 30 © g "
527 469
ERLUNYE I ML 6).
300 T =70 = 35v¢ 8”} (T )

Proof Applying the undetermined coefficients method, we will seek
V" (0) = av (0) + Bv (t) + yv (27) +dv (37) + pv (41) + qv (57) (12.7)

+ wv (6t) +mv (7t) +nv (8t) + 0 <t6> .
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Using Taylor’s formula, we get

‘[2 ‘53 ‘[4
/ _ / " " “4)
v(O)_av(0)+ﬂ{v(0)+v O+ (0)—2'+v (O)—3'+v (0)—4'

+v® (0) +u<6> (0) +v<7> (0) +u<8> (0) (19)}

4
’ " 7: " T 4) T
y(v(O)—i—Zv O)yr+4v (0)54-81) (O)§+l6v (O)E
+320 (0) + 640 (0) + @7 v? (0) + 28 v® (0) (19)>
" " t3 “4) t4
+d<v(0)+3v 0) 7 +9v (0) +27 ©0) 57 +810% (0)
+2430 (0) + 7290© (0) + 37 v? (0) + 3)8v® (0) (ﬁ))
3 -
+p (v 0) +4v' (0) T + (4)* V" (0) + @ " (0) — T @D

+ (@)™ (0) +(4)6 © (0) +(4)7 ™ (0) +(4)8 ® (0)
+o(v))

(v 0) + 5V (0) T + (5)* " (0) +(5)3 " (0) +(5)4 @ (0)

+(5)0® (0) +(5>6v<6> (0) +<s>7v<7> (0) +(5)8v<8> (0)
+0<19>>

3 4
(v(0)+6v ©0) 7 + (6)* ”(0) +(6)3 V" (0) = o +© v (0&

+©° 00 5 +<6>6 © 05 +(6)7 05 +<6)8 ® 0 5

+o())



132 M. A. Ashyralyyeva and I. M. Ibrahim

3 4
+m (v ) + 70" (0 T+ (V" (0) +(7)3 v (0) = 3 + MY

+ (1) 0® (0) +(7)6 ©® (0) +(7)7 @ (0) +(7)8 ® (0)
ro(?))

3 4
+n (v (0) + 8V (0) T + (8)* v (0) +(8)3 V" (0) = o+ ®Y (0)%

+(®° o <0> s H® 0 <0> + ®)7v? <0> il @O <0>
+o0 <19>) .
From that it follows
(—a=B—-—y—d—p—qg—w—-—m—n)v(0)
+(B+2y +3d+4p+5g+ 6w+ Tm+8n)v (0)

1, 4 O R ) S () A ¢) SR ) L W
+(2_!’3+5 + g+ Grot Sras Gros ot Sen )y orr

_ 1 8 @ 6 © @D ©®
+(’3‘(§ﬂ+zy+§d+7 Pt St W rm et e

< v" (0) 1,3

1, 16 @ e e D ® N\
+< ,3+—)/+Ed+7 +T +T —l—Tm—i-Tn v (0T

g+ —w+-—Z—m+-—-n

1 32 243 (4)5 5)° 6)° (7)° (8)°
<§ﬂ+_"”+ Srdt St Eat 5! 51

x v® () 0

+ =y +

1 64 729 @5 (50 (69 M (8°
+<aﬁ o’ Pt e Pttt T e e

x v(® ) 7°
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ﬂ+—y+—d+— + g+ ——w A —-m+

() L &) L ) L &) LI () & 7’ ®)’
7! 7! 7! 7! 7!

x v ) T’

y+grd+

()N ) L 5 LN ) LN () RN ) LA €&
+(8'ﬂ+ 8! ETE T TR TR T

x v® ) 40 (19) .

Then equating the coefficients 8.0< p < 8 of the lowest power of 7 to zero in
the last formula, we obtain the system of equations

—a—pB—-—y—-d—-—p—g—w—m—n=0,
B+2y+3d+4p+5g+6w—+Tm+8n =0,
32 42 52 62 2 82
b5+ Byt P s s St Gt Pons Famo
3 k 43 5)3 6)3 73 )3 _
3B+ Gy + Srd+ Grp+ Sra+ Gruw+ Grm+ Gra=17,
LB+ 16y 4 8lgp O, L O Oy Dy 8 2,

5 6)° 8
LB+ 8y 42y @ Oy @y Dy 87—,

46 56 66 76 86
Lo+ Sy b Bk B+ St Gk Do B =0,
2)’ 3 47 5)7 6)’ 77 8)’
3B+ Gy + Fd+ Hp+ Ga+ Go+ Frm+ Ga=o,
2)8 3)8 4)8 6 78 g8
wb+ Gy + Grd+ Grp+ §ra+ Gro+ Grm+ Grn=o.
Solving this system of equations, we obtain @ = — S0 g = 342 ,, — 18353
2391 1457 4891 sor 20T o 692"
d = 7,]) = 6r3’q = 3013’w = —@,m = m,n = ~ 303" So,

relation (12.5) is proved. In the similar manner, we can prove the relation (12.6).
The proof of Theorem 12.2 is finished.
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Applying Taylor’s decomposition on five points to Egs. (12.1) and (12.2), formu-
las (12.5), (12.6) and neglecting small terms, we get the sixth order approximation
four-step difference scheme

1 237
=7 (g2 — Atggr + Oug — dug—1 + ux—2) + g55a(t)uk

+ 355 @trg D1 + a(te—1)ug—1) — 75 (@(ter2)utps2 + alte—2)ug—2)
= 2170 + 35 () + o) — 7 () + )

2<k<N-2,up=¢,uy =wo,

—3 801 34—9 18353 2391 _ 1457 4891
( 6 up — 120 + 10 us 6 M4+ 30 us
561 527 469 "
—3 Ue + Sgu7 — 555u8) =y (0),
—3,801 349 2391 1457 4891
T3 uy — UN-2 — S UN-3 + “g UN—4 — T35 UN-5
561 527

+—M -6 — 39 UN-T + 24OMN 8) = )’W(T)
(12.8)

for numerical solution of the boundary-value problem (12.2). For numerical anal-
ysis, we consider boundary-value problem (12.2) for the simple case when 7' =
lLa@®)=1l,p=¥=w=x=0, and

6! 70, 8
fO=41-4-50 467 —d- o ot -0t

Then, the exact solution is
u@®) =11 -n*.

Noted that for the approximate solution of this problem (12.2), we use the sixth
order of accuracy difference scheme (12.8) with different values of 7. Here and in
future, the error of the numerical solutions is defined by formula (12.9).

Ey = max |u(t) — ugl. (12.9)
0<k<N

Noted that if N is doubled, the values of errors between the exact solution and
approximate solution decreases by a factor of approximately 1/64 for difference
scheme (12.8). So, the order of approximation of this difference scheme is 6 (see,
Table 12.1).
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T.able 12.1 Errors of . r— % N = 10240 | N = 20480
difference scheme (12.8) with
different values of T Difference Scheme (12.8) 0.4368 0.0146

12.3 The Nonlocal Boundary Value Problem (12.3)

We consider nonlocal boundary-value problem (12.3). The construction of the sixth
order of approximation for the approximate solution of problem (12.3) is based on
Theorems 12.1 and 12.2 and on the sixth order of approximation formulas for v’ (0),
V/(T), v"(0) and v"(T).

Theorem 12.3 ([9]) Let the functions v(t)(0 < t < T) have a 7-th continuous

derivative. Then, the following relations hold

') — 77! i (0)+6()—1—5(2)+@(3) (12.10)
v T 2Ov v(t > v(2T 3 v(3t .
15 6 1 . 6
—?v(4t) + gv(St) — 61}(61)} =o(1"),

Ty —t7! hd (T) —6v(T — )+E (T—2)—@ (T —37r) (12.11)
v T 201) v T 7Y T 3v T .

Theorem 12.4 ([8]) Let the functions v(t) have a 8-th continuous derivative. Then,
the following relations hold:

469 223 879 949
v"(0) — 772 {—90 v (0) — 10! () + 0" (27) — T (31) (12.12)
201 1019 7
41y (47) — —— L — o(¢5
+41v (471) 0 v(57)+ 130 v (67) 10v(7t)} o(t),
469 223 879 949
Ty — 2 220 (1) = S0 (T — 1) + o (T = 27) — ——v (T — 3
vi(T)—t {901)() IOU( T)+2OU( 7) 18U( T)

(12.13)
v(T —61) — 17—01) (T — 71)} = 0(16).

201 1019
Ao (T —47) — ——y(T —5
Al (T —dr) = v (T =50 + 740

B —an = 8o =5 Lo —on| = ot
+TU( — r)—gv( — t)—i—gv( — ‘L')}—O(‘E ).

Applying Taylor’s decomposition on five points to Egs.(12.2) and (12.3), Theo-
rems 12.3 and 12.4 and formulas (12.10), (12.11), (12.5) and (12.6) and neglecting
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small terms, we get the sixth order of approximation difference scheme

# (kg2 — A1 + 6 — Aup—1 + ur—2) + Sga(tux

35 (@tiaDurg1 + a(te—Duk—1) — 755 (@(te2)utks2 + alte—2)ug—2)

= 30+ B (£ + [ 0e)) = 785 (Wr2) + F(0-2))
2<k=<N-2,up=un+o,

t (= 3u0 + 6ur — Bus + Fus — Bus + Sus — Lug) — v

- 20 6
=t (Gun — 6un—1 + Bun—o — Ruy_s + Luy_s — Suy_s+ Ltun—e),
—2,469 223 879 949 201 1019
T (90u0— Sgul + Spuz — Jgus +4lug — 5 ToUs + Tgo U6 — 7 u7)
L2469 223 949 201
(pun — Fgun-1+ 20 SUn_2 — TeUN-3 +4lun_4 — Jyun-s

1019 7
+IRg UN—6 — TgUN-T7) + ©,

—3,_ 801 349 18353 2391 1457 4891 561
T (= [o U0+ TgUl — Tpag U2+ Sguz — —gua+ 35Us — e

527 469 3,801 349 18353 2391
+_OM7 240”8) =T (80 UN — g UN- 1+ 120 UN-2 — T[g UN-3

1457 4891 561 527
+ 1857y g — By s+ 28 uy o — FHuy g+ 3Bun—s) + x

(12.14)

for the numerical solution of nonlocal boundary-value problem (12.3). For numeri-
cal analysis, we consider the boundary-value problem

dd”(’) tu)=41—4-51t+6-§12—4. 113

+8r -0t 0<1r <1,

u) —u(l) =u'0) —u'(1) =u”"0) —u”"(1) =u"(0) —u"(1) =0
(12.15)

with the exact solution
u@®) =t*1—-n*

Noted that for the approximate solution of this problem , we used the fourth order
of accuracy difference schemes (12.14) with different values of t.
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T.able 12.2 Errors of = % N=20 | N=40
difference scheme (12.14)
with different values of t Difference Scheme (12.14) | 0.0139 | 4.8026e-05

Noted that if N is doubled, the values of errors between the exact solution and
approximate solution decreases by a factor of approximately 1/64 for difference
scheme (12.14). So, the order of approximation of this difference scheme is 6 (see,
Table 12.2).

12.4 Conclusion and Our Future Plans

1. In this article, we study local and nonlocal boundary value problems for the
fourth-order differential equations with dependent coefficients. Finite difference
schemes of sixth order of approximation generated by Taylor’s decomposition
on five points for solving these problems are constructed and investigated.
Numerical results are supported by the results of numerical experiments.

2. Construct and investigate high accurate four-step difference schemes for the
numerical solution of the local and nonlocal problems for the fourth order general
differential equations

d*u(r) d2u(r) d?u(r)

22 a0 e @

du
a2 +b(t) I +a®)u)=f1),0<t<T.

Here, a(t), b(t),c(t),d(t), and f(¢) be given smooth functions defined on
[0, T].

3. Construct and investigate high accurate four-step difference schemes for the
numerical solution of the local and nonlocal problems for the abstract fourth
order elliptic differential equations

d*y(t)
dr*

+ AN Y)=f1®),0<t<T

in a Hilbert space H, with the self adjoint positive definite operators A (¢). Note
that operator method of [1] will permit us to establish the stability of these
difference schemes.
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Chapter 13 )
Study of the Problem of One-Dimensional e
Flow of Homogenous Fluids in Fractal

Porous Media

Nihan Aliyev (», Mahir Rasulov ), and Bahaddin Sinsoysal

Abstract In this paper, for the first time the exact solution in the form of Mittag-
Leffler series for the initial-boundary problem of the fractional differential equation
is obtained expressing the process of one-dimensional motion in porous medium
with complex permeability homogeneous fluid to gallery. The obtained result
permits the theoretical calculations in the process of exploitation of oil fields with a
fractal nature.

13.1 Introduction

In recent decades, in many areas of science and technology, the application of the
theory of fractals, which depicts the pattern of disordered heterogeneous media,
has intensively developed new areas of research and has begun to gain momentum.
As it is known from the literature, application of fractal theory, whose geometric
structure retains its basic properties when considered at different length scales, i.e.
one has the property of self-similarity, has found its field of application, and is
now widely used and developed in field of earth sciences, including solving oil
field exploitation problems. The application of this method allows the development
of general methods for modelling flow processes in porous media with complex
inhomogeneous permeability and facilitates the evaluation of the effect of physical
processes occurring in them.
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In porous medium having a fractal property the fluid flow rate dos not expressed
with the help of law v = —ﬁg—;’ as it usually occur in sand medium with a normal
permeability, but obeys the following law, [1-5]

Kk 0%p

V= —— , O<a<l. (13.1)
W ox®

If we substitute expression (13.1) into equation of the conservation law newline

a(g’—tp) = div(pv) then the determination of the unknown pressure function p(x, t)
is reduced to solving of the equation
d 0 o
&P _ (2P (13.2)
at ax ax“

with suitable initial and boundary conditions.

Fractional differential equations also arise in medium with memory and in solve
problems of motion of the fluid described by relaxation processes. In this case, the
process of motion is described with the help of differential equation with fraction
derivative with respect to time by real order, as

Fp _ 3%p

op_ 2P 133
ot~ ox2 (13.3)

Equation (13.3) is called Nigmatullin’s equation in the literature [8]. Here, 8 is a
real number.

Without considering the physical nature of the process described in (13.3), this
paper is devoted to solving the problem posed for an Eq. (13.3).

Let’s consider the following problem

ap(axt, D _ % <K—a g)(; ”) ¥ fx ), (13.4)
p(x,0) = po(x), (13.5)
pla,t) = pa(t), pb,t) = ppt). (13.6)

Here, pg, p, and pp, are known functions, « is a given constant positive number.
a <x <b,t >0,a # 0, f(x,t) is the density function. It is assumed that
inhomogeneous boundary condition (13.6) is brought to the homogeneous boundary
condition by linear substitution w(x,t) = w(x — a) + pa(t). po and
@(x, A) represent the initial and density functions obtained after this transformation,
respectively.
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In order to study the nature of the solution in detail of problem (13.4)—(13.6), let
us first consider the stationary problem

0 a%p
— (k—]=0. 13.7)
ox ax¥
From (13.7) we get
%p
— =C. 13.8
7@ ! (13.8)

Applying the operator

o _ 1 [ pdr
farp () = F(a)/ -l
a+

to both sides of Eq. (13.8), we get, [6, 7, 9, 10, 12]

o a—1

X
Ta-D e

p(x)=C (13.9)

The unknown C; and C, are determined from boundary conditions (13.6) as
follows:

@y (p@p ! = p)a®) o o [a*p®) = b* p(a)]

Ci =
(a—1Db) (a—b)

’

a®—1pa—1
I'la—1)(a—1)!

a?—1pa—1
I'a—1)(a—1)!

Substituting these expressions into (13.9), we obtain
p(x) = Ax* + Bx*~!,
where

am (p@b = p)a*~")

a—1pa—1 bl
F(Z—l)lzoz—l)!(a —b) Ple—1)

e @ p(b) = b*p@)] 1

a—1pa—1 °
r(i—l)b(a—l)!(a —b) (@@=

It is known from the literature that, the mass of liquid run out through homogeneous
medium of fractal nature to gallery is determined as follows:

_ K _«f pb)a*~" — p(@)b*~!
Q= _FDa—i-p(x) = 7 aaflbafl(a s

T —1).
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Note 13.1 From this formula, when o = 1 we get the well-known Dupi formula:

_p@-—p® , _apb)—bpla)

A ’ - bl
a—>b a—>b
px) = pla) = p(b)xa+ _ap(®) - bp(a)x""l,
_b a—b
QZ—QDZ‘+p(x)=gM_
H M b—a

It should be noted that the solution of this issue is addressed in [11] with a different
approach.

Now, let’s try to find a solution to problem (13.4)—(13.6). For this purpose,
applying the Laplace transform we get

d*tUpxe, 1) AL F(x,))
deH,] - ;p(xv )") - K ) (1310)
pla, ) =pb,A) =0 (13.11)

where F(x, X)) = —po(x) + ¢(x, A) and

P, M) = L(px, 1) = /e*“p(x,t)dr, f(x,x)/e*“f(x,r)dt.
0 0

Firstly, let us look for the solution of the following homogeneous equation

e, A A
W—;p(x,?»)=0, (13.12)

corresponding to Eq. (13.10) in the form of the Mittag-Leffler function [6, 9, 10, 12]

+1
oo HERED AR

p(x,h) =Y p* :
o ;;p (—1+ &+ D),

Here, p is an unknown parameter for now. Substituting this expression into (13.12)
gives

2~ A
P p(x, A) — ;p(x, A) = 0.
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From here we get the characteristic equation

P == =0. (13.13)
K

From (13.13), p12 = :I:\/g. Thus, we can write the general solution of the
homogeneous equation in the form

Pr(x, 1) = Cipy (6, 1) + Ca ) (x, 2, (13.14)

where

o0 k — L k+ D &L
~(1) A x 2
X,A) = —
ien-2 () (

1 9
—1 G+ D)

k=0
o 00 T\ ket
ICEDY —\ﬁ 1
i\ Vo) (it et

are the system of fundamental solutions of a homogeneous equation. Here, C; and
C> are arbitrary constants.

As in the theory of ordinary differential equations, we will express the general
solution of the inhomogeneous equation (13.10) as the sum of the general solution
of the corresponding homogeneous equation and any special solution of it. For this
purpose, to find the special solution of Eq. (13.10) we will write it in the following
form

a+l

D% (D"‘T“) Fx, A — %5()6, A =0, (13.15)

and seek the solution in the form of the Mittag-Leffler series

0 xso‘zilfl
P(x, ) = Ds>———.
; (s“%l — 1)!

Let us express the known function on the right hand side of the equation as the
Mittag-Leffler function

(13.16)

o LIt
:gfs(k)—(s"il_l)!.

2

F(x,))
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From (13.16)

a+1 X X2
2

D2 p(x,A) = pl(_l)g tr2 <a+l _ 1)! s (2“_+1 - 1)!

and

+ L0)

| (zw _ 1)1
2

getl g sl 63 -1

X
A N

X
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From the last equation, for the unknown p; coefficients, we get the expressions

k k

A k—q A k—q
p2k<x>=2(;) f2g ), pzk+1<x>=2(;) frg-10), k=123, ...

g=1 g=1
(13.17)

under the condition p; = p» = 0. Considering Eq. (13.17), a special solution of
Eq. (13.15) is found in the following form

s=1 s%lfl
P(x,2) =) ps(n)

pot (“;1 1)!

According to the general theory, the solution of problem (13.10) and (13.11) is

written as
o [ A\* kD!
Py =C1 Yy \ﬁ ~
S\ ) (—r kD),

c % \/7 ko et . -
" 2/;<_ ;) (—1+(k+ ).+Zpg()( 1)!

L
2

(13.18)

or in short as

= 1 ~(2)

px,A) =C1p, " (x,A) + Co2p,~ (x, L)+ P(x, ). (13.19)
The unknown constants C| and C» are found from the following system of equations

Cip\ @, 2+ Cap (@, ) = —P(a, 1),
(13.20)
~(1) ~(2) 5
Cip, (b, A)+ Ca2p, (b, 1) = —P(b,})

using boundary conditions (13.11). Substituting the obtained constants into (13.19),
we get the solution of problem (13.10), (13.11) as follows

A
plx,n) = fﬁ},”( o+ 22 ~%c 2+ P(x, 1)

Here, A, Ay, Ay are the main and auxiliary determinants consisting of the
coefficients of the system (13.20), respectively.
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Thus, we get the solution of problem (13.4)—(13.6) in the following form

px, 1) = L7 (px, ).

Here, £! represents the inverse Laplace operator.

Note 13.2 Since the Laplace parameter in the function p(x, ) is included as a
polynomial product, the original function is easily calculated if the initial data are
known.

13.2 Conclusion

In this paper, for the first time, the exact solution of the boundary value problem

for

the « + 1 (0 < o < 1) order fractal differential equation describing the

one-dimensional flow process of a single-phase fluid in deposits with complex
permeability is obtained in the form of Mittag-Leffler series.

References

—

. Afonin, A.A., Sukhinov, A.L.: Mathematical models of geofiltrration and geomigration in

porous media with fractal structure. Izv. YuFU Tekhntch. Nauk 97(8), 62-70 (2009)

. Barabanov, V.L.: Fractal model of the initial stage of capillary impregnation of rocks.

Georesour. Geoenergy Geopolit. 1(13), 1-16 (2016)

. Belevtsov, N.S., Lukashchuk, S.Y.: Investigation of a fractional-differential model of single-

phase filtration with Riesz potential. Multiphase Syst. 15(1-2), 14—14 (2020)

. Gazizov, R.K., Lukashchuk, S.Y.: Fractional-differential approach to modelling filtration

processes in complex heterogeneous porous media. Vestnik Ufa State Aviation Tech. Univ.
21(4), 104-112 (2017)

. Kashchenko, N.M.: Fractal model of filtration in conditions of drainage operation. Bullet I.

Kant Baltic Federal Univ. Phys. Math. Techn. Sci. 4, 158-162 (2010)

. Kilbas, A.A., Srivastava, H.M., Trujillo, J.J.: Theory and Applications of Fractional Differen-

tial Equations. Elsevier, North-Holland (2006)

. Miller, K.S., Ross, B.: An Introduction to the Fractional Calculus and Fractional Differential

Equations. Wiley, New York (1993)

. Nigmatullin, R.R.: The realization of the generalized transfer equation in a medium with fractal

geometry. Phys. Status Solidi 133(1), 425-430 (1986)

. Oldham, K.B., Spanier, J.: The Fractional Calculus. Academic Press, New York (1974)
. Samko, S.G., Kilbas, A.A., Marichev, O.1.: Fractional Integrals and Derivatives: Theory and

Applications. Gordon and Breach Science Publishers, Montreux (1993)

. Suleymanov, B.A., Abbasov, E.M., Efendieva, A.O.: Stationary filtration in a fractally inho-

mogeneous porous medium. J. Eng. Phys. 78(4), 194-196 (2005)

. Podlubny, I.: Fractional Differential Equations. Academic Press, San Diego (1999)



Chapter 14 ®)
Nonlocal Initial-Boundary Value Qe
Problems for a Degenerate Hyperbolic
Equation

Myrzagali Bimenov (® and Arailym Omarbaeva

Abstract The paper considers initial-boundary value problems for the degenerate
hyperbolic equation y™u,, — uyy, — b*y"u = 0 in the rectangular domain Q =
{(x,y) 10 <x <1,0<y <T},wherem > 0,b >0,T > 0 are given
real numbers. We study problems with classical initial conditions u(x, 0) = 7(x),
uy(x,0) = v(x), 0 < x < 1, and nonlocal boundary conditions u,(0,y) =
aux(l, ), u(0,y) = u(l,y), or ux(0,y) = ux(l,y), u(0,y) = pu(l, y) with
0 < y < T. Using the method of spectral analysis, we prove uniqueness and
existence theorems for solutions of these problems.

14.1 Introduction

In the rectangular domain 2 = {(x,y) : 0 < x < 1,0 < y < T} consider a
degenerate hyperbolic equation

L= y"uyy — ttyy — b*y"u = 0, (14.1)

where m > 0,b > 0, T > 0 are given real numbers. For this equation we will study
the following nonlocal initial-boundary value problems.

Problem P,. Find a function u(x,y) € C! (ﬁ) N C%(2) which is a solution
of Eq.(14.1) in Q and at the boundary satisfies the following classical initial
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conditions
u(x,0) =1(x), uy(x,0) =v(x), 0 <x <1, (14.2)
and the following nonlocal boundary conditions
ux(0,y) = aux(l,y), 0=y =T, (14.3)
u@,y)=u(l,y), 0=y=T, (14.4)

where o is a given real number, and t(x), v(x) are given sufficiently smooth
functions.

Problem Pg. Find a function u(x,y) € c! (5) N C%(Q) which is a solution of
Eq. (14.1) in Q and at the boundary satisfies the classical initial conditions (14.2)
and the following nonlocal boundary conditions

ur(0,y) =ux(1,y), 0=y =T, (14.5)
u(©,y) =pu(l,y), 0 <y =T, (14.6)

where B is a given real number, and t(x), v(x) are given sufficiently smooth
functions.

It is obvious that necessary conditions for these classes to belong to the class
u(x,y) e C! (Q) N C%() are the fulfilment of natural conditions for matching
initial and boundary values. For Problem P, these are the conditions

v(0) = av(l), T(0) = z(1). (14.7)
and for Problem Pg these are the conditions
v(0) = v(l), t(0) = B (). (14.8)

In what follows we assume these conditions to be met. Moreover, we will require
the fulfilment of additional matching conditions so that functional series, in the form
of which a formal solution will be constructed, converge uniformly and all their
derivatives of required order also converge uniformly.

The study of initial-boundary value problems with nonlocal boundary conditions
has began relatively recently. One of the main research methods is the Fourier
method (method of separation of variables). When using this method there arises
a spectral problem for an ordinary differential operator. If boundary conditions of
the obtained differential operator are self-adjoint, then this operator has a system
of eigenfunctions that forms an orthonormal basis. Therefore, the solution of the
original initial-boundary value problem can be constructed as an expansion using
the obtained orthonormal system. This is the main idea of the Fourier method.
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The situation is much more complicated when the boundary conditions of that
spectral problem are not self-adjoint. Then this spectral problem may not even
have a spectrum or the system of eigenfunctions may not have a basis property.
In the case when the boundary conditions are strongly regular by Birkhoff, in the
works of Keselman [1], Mikhailov [2] and Dunford and Schwartz [3] the Riesz
basis property of the system of eigen- and associated functions of the spectral
problem in L2 (0, 1) was proved. In this case, this problem can have at most a finite
number of associated functions. Based on this fact, Ionkin and Moiseev [4], using
the method of separation of variables, constructed a solution of the initial-boundary
value problem for a one-dimensional heat equation with strongly regular boundary
conditions

ajuy(0,1) + bruy (1, 1) + aou(0, 1) + bou(l, ) = 0,
crux (0, 1) +diux(1,1) + cou(0, t) + dou(1,1t) =0,

(14.9)

and proved its uniqueness and stability with respect to the initial data in various
norms.

In the case when boundary conditions (14.9) are regular but not strongly regular,
the system of root functions of arising spectral problem are complete and minimal
but may not form an unconditional basis in L;(0, 1). And in that case, the use
of the Fourier method is impossible and an additional research is required. In
[5], a methodology was demonstrated for solving initial-boundary value problems
for a heat equation with regular but not strongly regular boundary conditions of
form (14.9). And in [6] this methodology was used to solve an inverse problem of
recovering an unknown part of the heat equation with respect to initial and final
conditions with regular but not strongly regular boundary conditions of form (14.9).
The main idea of the methodology was to reduce the original problem to a sequential
solution of two initial-boundary value problems with strongly regular boundary
conditions.

Problems for differential equations of fixed type, for equations with a degenerate
coefficient at the highest derivative have their own features when studied by
the Fourier method. The main difficulty arises in justifying the convergence of
functional series that represent formally constructed solutions of the problems. The
use of nonlocal boundary conditions for degenerate equations strengthens these
difficulties.

We present some previous works by other authors which are the closest to our
research. Lerner and Repin [7] in the half-strip D = {(x, y)|0 < x < 1,y > 0}
studied the problem for a degenerate elliptic equations: find a function u(x, y) with
the properties

u(x,y) e C(D)NCHD U {x =0}) N C*(D),

Yty +uyy =0, x,y)eD, m>-1,
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u(x,y) — 0aty — +4oo uniformly with respect to x € [0, 1],

u©,y) —u(l,y) =d1(y), ux(0,y)=¢2(y), y=>0,
ux,0)=1t(x), 0=<x<l,

where t(x), ¢1(y), ¢2(y) are given sufficiently smooth functions, and besides 7 (x)
is orthogonal to the system of functions 1, cos((2n + Dmx), n =0,1,2,....

Also, in [8] a similar problem was studied in the half-strip D for an elliptic
equation with a singular coefficient

2
uxx—l—uyy—l—?puy—bzuzo, b>0, peR,

in the case when ¢;(y) = Oand ¢»(y) = 0. The uniqueness of the solution was
proven based on the extremum principle. The solvability of the problem under
consideration was established using the method of separation of variables and the
method of integral transformations.

Moiseev [9] studied a nonlocal boundary value problem in the half-strip D for a
degenerate elliptic equation:

Y'Ugx + ity =0, m> =2,
u(x,0)=f(x), 0<x<l,
w(©,y) =u(l,y), uy0,)=0 y=0,
f(x) € CPT0, 11, £O)=f(), f(©0)=0

in the class of functions u(x, y) € C(D) N C?(D) tending to zero and bounded at
infinity. The uniqueness and existence of the solution were proved using the method
of spectral analysis. Moreover, the solution of the problem was constructed in the
form of a sum of biorthogonal series.

Later, in [10], these results were transferred to the equations

Y Uy + Uy — bzymu =0, b=const>0, m > 0.

Sabitov and Sidorenko [11] for Eq. (14.9) in the domain D solved a problem
with the initial conditions (4) and periodical boundary conditions. That is, they
considered the problem P, for a particular case o« = 1. The proof of the uniqueness
and existence of the solution of the problem was also carried out using the spectral
method. In [12] following [10, 11], existence and uniqueness theorems of solutions
for Problems P, and Pg were proved in particular cases when « = 0 and 8 = 0,
respectively. The solutions of the problems posed were constructed in the form of a
sum of biorthogonal series.
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In this work, we consider Problems P, and Pg for the case of arbitrary constants
o and B.

14.2 Problem P,

The application of the Fourier method to Problem P, leads to the consideration of
the spectral problem for the ordinary differential operator

—X"0)=AXx), 0<x <1, (14.10)
with nonlocal boundary conditions
X'(0) =aX'(1), X(0) = X(1). (14.11)

Boundary conditions (14.11) are regular but not strongly regular [13]. In the
case when o = 1, this problem is self-adjoint and the system of its normalized
eigenfunctions forms an orthonormal basis in L»(0, 1). This features was used
in [11]. And in the case when o # 1, this problem has an infinite number of
associated functions [14]. And in that case if the system of root functions forms
an unconditional basis, then the solution of the initial-boundary value problem can
be constructed using the method of biorthogonal expansion. For the heat equation
this method was first implemented by Ionkin [15], and for Eq. (14.1) in the work
[12] for particular cases @ = 0 and § = 0.

All eigenvalues of problem (14.10) and (14.11) are double A,, = (2mn)?, except
for a simple zero eigenvalue Ay = 0. Each double eigenvalue corresponds to one
eigenfunction and one associated function [14]. The system of eigenfunctions X»,
and associated functions X»,_ of problem (14.10)—(14.11) has the form

Xo(x) =1, Xp, = cosmnx), Xop—1(x) = [ 4+ (1 —a)x]sin(2rnx), n € N.
(14.12)

They satisfy the equations
— X5,(x) = A Xop(x), 0 < x <1, (14.13)

— X5, () =2 Xop—1(x) —2(1 —a)(27n)X2,(x), 0 < x < 1. (14.14)
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It is proved that system (14.12) forms a Riesz basis in L, (0, 1). Therefore, the
solution of Problem P, can be represented in the form of a biorthogonal expansion
with respect to system (14.12)

u(x,y) =uo(y) + Z un(y) cos(Rrnx) + Z v ([ + (1 — a)x]sin(2rnx),
n=1 n=1

(14.15)

where the functions wug(y), u,(y), v,(y) must be defined from the differential
equation (14.1) and from the initial conditions (14.2) of the problem.
For these functions, ordinary differential equations of the following form

o)+ 3" [@rm? + 52 v =0,
ug () + by uo(y) = 0,

u, (y) + [(27‘[11)2 + bz] Y u, (y) = 4nn(l — o)y v, (y)

with the corresponding initial data at the point y = 0 are obtained.

These problems (Cauchy problems) have unique solutions that can be constructed
explicitly through the Bessel functions of the first and second kind. Thus, a formal
solution of Problem P, is constructed in the form of series (14.15). Requiring
smoothness and matching conditions from the initial data 7(x), v(x), we have
proved the uniform convergence of the functional series (14.15) and possibility of
its term-be-term differentiation the required number of times.

These are complicated and cumbersome calculations, we will not dwell on them
here.

Let us formulate the main result on the well-posedness of Problem P,,.

Theorem 14.1 Let « # 1. If t(x),v(x) € C310, 1] and satisfy the matching
conditions

7(0) = (1), 7/ (0) = a7’(1), T/(0) = 7" (1), (14.16)
p(0) = v(1), V(0) = av'(1), v'(0) = v"(1), (14.17)

then there exists a unique solution of Problem P, and can be represented in the form
of a sum of series (14.15), where the functions ug(y), u,(y), v,(y) are uniformly
defined from the differential equation (14.1) and the initial conditions (14.2) of the
problem.

In the case when a = 1, Problem P, is not Noetherian since the corresponding
homogeneous initial-boundary value problem has an infinite number of linearly
independent solutions.
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14.3 Problem Pg

The boundary conditions in Problem Pg are also regular but not strongly regular.
The spectral problem, arising when applying the method of separation of variables,
has an infinite number of double eigenvalues. Each of them corresponds to one
eigenfunction and one associated function. These associated functions can be
chosen in such a way that the entire system of root functions forms the Riesz basis.
And therefore this system can be used to implement the Fourier method.

Let us immediately formulate the main result on the well-posedness of Prob-
lem Pg.

Theorem 14.2 Let B # 1. If t(x),v(x) € C3[0, 1] and satisfy the matching
conditions

7(0) = Bt(1), T/(0) = T'(1), 7(0) = B="(1), (14.18)
v(0) = Bu(l), V' (0) =V/'(1), v'(0) = Bv"(1), (14.19)

then there exists a unique solution of Problem Pg and it can be represented in the
form of a sum of uniformly convergent functional series.

In the case when B = 1, Problem Pg is not Noetherian since the corresponding
homogeneous initial-boundary value problem has an infinite number of linearly
independent solutions.

Note that various types of nonlocal boundary value and initial-boundary value
problems are actively studied for various types of differential equations. We will
give only some references [16-29] to recent works, the topics of which are quite
close to the topic of our research.
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Chapter 15 ®
On Well-Posedness of the Nonlocal e
Boundary Value Problem with
Samarskii-Ionkin Conditions for the

2m-th Order Multidimensional Elliptic
Equations

Ayman Hamad

Abstract This paper investigates the nonlocal boundary value problem for 2m-
th order multidimensional elliptic equations with Samarskii—Ionkin condition. The
well-posedness of this problem in Holder spaces is established.

15.1 Introduction

Elliptic partial differential equations have applications in almost all areas of
mathematics, from harmonic analysis to geometry to Lie theory, as well as numerous
applications in physics and engineering. The well-posedness of the several local
boundary value problems for the elliptic equations and its related applications have
been investigated by many researchers (see, for example, [1-6], and the references
given therein).

In paper [7], Ionkin studied a nonlocal problem for a one-dimensional parabolic
equation arising in modeling some nonclassical thermal processes. The existence
of solutions was proved and, later, their stability was established in [8]. For
a parabolic equation in one space variable, Samarskii [9] proposed a nonlocal
boundary value problem formulation covering both classical initial-boundary value
problems and Ionkin’s problem from [7, 8]. Recently, various nonlocal boundary
value problems with Samatskii-lonkin condition for partial differential equations
have been investigated by many researchers (see, e.g.[10-22], and the references
given therein).
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In the present paper, we consider the nonlocal boundary value problem for 2m-
th order multidimensional elliptic equations with Samarskii—Ionkin condition. The
well-posedness of this problem in Holder spaces is established.

15.2 The Well-Posedness of the Nonlocal Boundary Value
Elliptic Problem with Samarskii-Ionkin Condition

On the range {(x, y) : 0 <y < T, x € R"} the nonlocal boundary value problem

B T @t +ou. 0 = 0,0,

|r|=2m

O<y<T, x,reN, |rl=r1+--+nr,

u(0,x) = p(x), d"(o D — d”(T D 4 fot(s)u(s x)ds + ¥ (x), x eR"

(15.1)

for 2m—order multidimensional elliptic equations with integral type Samarskii—
Ionkin condition is considered. Here, a,(x) and f(y, x), ¢(x), ¥ (x) are given
sufficiently smooth functions and «(x) > 0, § > 0 is the sufficiently large number.
Let us consider a differential operator with constant coefficients of the form

Y by
B= ) brom o
rizom dx; ... 0x,
acting on functions defined on the entire space R". Here, r € R" is a vector with
nonnegative integer components, |r| = ri+---+r,. lf @ (y) (y = (¥1, ..., yn) € R")

is an infinitely differentiable function that decays at infinity together with all its
derivatives, then by means of the Fourier transformation one establishes the equality

F(By) (§) = B (§) F(p) (§).

Here, the Fourier transform operator is defined by the rule

F(p) (§) = 2m)"? /eXp{—i (2. &)} ¢ (2)dz,
R’l

where

k
@ &) =) ukk.
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The function B (£) is called the symbol of the operator B and is given by formula

BE) = Y b GEN" ... (&)™

|r|=2m

We will assume that the symbol

B*E) = Y a(x)GEN" ... (&) . E =1, &) R

|r|=2m
of the differential operator of the form
. alrl
B' = ar(X) ——— 15.2
Z r( )axI‘...axZ" (15.2)

|r|=2m

acting on functions defined on the space R”, satisfies the inequalities
0 < Mi[E[" < (=1)"B*(§) < Mol < 00

for & # 0. Here, M1 > 0 and M>| < oo. Problem (15.1) has a unique smooth
solution.

To formulate our results, we introduce the Banach space C%(E), it is obtained by
completion of the set of all smooth E-valued functions ¢(y) on [0, T'] in the norm

l 0@y + 1) — () |lE
lellcaey = ll@llcey +  sup — ,
0<y<y+t<T T

where C(E) stands for the Banach space of all continuous functions ¢(y) defined
on [0, T'] with values in E equipped with the norm

= max .
llellcE) Jmax, le)Il e

Moreover, we introduce the Banach space C*(R") (0 < u < 1) of all continuous
functions ¢(x) defined on R” and satisfying a Holder condition for which the
following norm is finite:

lp (x +2) — ¢ (X)]
||§0||C;L(R") = ”WHC(R”) + sup m )
x,zeRn,z;éO kd

where C(R") is the space of all continuous functions ¢(x) defined on R" with the
usual norm

”‘PHC(R") = sup |p (x)].
xeR"
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Now, let us state the following well-posedness result.
Theorem 15.1 For the solution of the boundary value problem (15.1), the following

coercivity inequalities are satisfied

alrly

ri T
0xy ... 0x,"

%

|T|=2m

n\
||u||C2+a(Cl’-(R )) ca(cu(R"))

+ “u”CZ(CZ’"“‘H‘-(Rn)) < M(O[) |:||f||C”(CV-(Rn))

LIS
+ Y AN AY)

ar(+)
|r|=2m 9

r ¥,
Xy axn" C"""'H‘(R")

altlo(.
+ > m(-)a,l—‘”()x,n +80() — f0,) + f(T,) :

xp ...0
C2matu (R”)

Ay

PR
Oxy ... 0xy"

%

|T|=2m

el c2(cametn(R™)) + c(comatn@®™))

alrlg

PR
Oxy ... 0xy"

’

c(comatn@®™))

x|

|t|=2m

< M(a) ”f”C(szo‘Jr“(Rn)) +

alrly

ri ¥,
dx; ... 0x,"

up>

|T|=2m

0<2ma+pu<1

c(cmetn®™)

where M () does not depend on ¢(x), ¥(x) and f(y, x).

Proof Problem (15.1) can be written in abstract form

—u" () +Au(y) = f(»),0<y<T,

T
u©) =¢, u 0)=u (T)+ / a () u(s)ds + . (15.3)
0

in a Banach space E = C(R") with a strongly positive operator A* = B* + §/
defined by (15.2). The proof of Theorem 15.1 is based on the positivity of the
operator A* in C*(R") on the following abstract Theorems, the structure of the
fractional spaces Ea((Ax)%, C(R™)), and the coercivity inequality for an elliptic
operator A* in C*(R").

0
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Theorem 15.2 Suppose Ap— f(0) € E,, A%I// €Ey f()) e C(EYO < < 1).
If A is the positive operator in Banach space E, then boundary value problem (15.3)
is well-posed in Holder space C*(E). For the solution u(t) in C*(E) of the
boundary value problem, the coercive inequality

lu”llce gy + N Aullceey + llu” ek (15.4)

M M
< — " | fllcwr) +—IlAg — FO I, + 1AV llE, ]
a(l — ) o

holds, where M does not depend on o, ¢, v and f(t). Here, the Banach space
Ey = E4(B,E) (0 < o < 1) consists of those v € E for which the norm

lvllg, =supz' ™ |Bexp{—zB}vlg + Ivllg

z>0
is finite.

Theorem 15.3 Let A be the positive operator in a Banach space E and Ag, A2 ¥ e
Ey, f(t) € C(Ey) (0 <a < 1) Then, for the solution u(t) in C(Ey) of boundary
value problem (15.3), the coercive inequality

||u//||C(Eoc) + 1 Au llcgy) (15.5)

1 p— p—
< Ml Agllg, + 1142 E, +a ' A=) || f llcwa]

holds, where M does not depend on o, @, ¥ and f(t).

The proof of Theorems 15.2 and 15.3 are based on the formulas

u(t) = (I — eszB)fl {(esz . ef(2Tft)B)¢ + (67(74)3 _ ef(Tth)B)u (T)
_(e—(T—[)B _ e—(T—H)B)(zB)—l /T(e—(T—S)B _ e_(T+S)B)f(S)dS}
0
T
+B) /0 (7B — 70T £ (5)ds,
2 T
u(lT)=-0 H:(I - e_TB) + B! / (738 — ¢ CT=9Byy (5) dsi| )
0

T T
_ 3—1/0 <e—SB — e_(zT_S)B> f(s)ds — B_I/O (emT=9B _ o= TH9B) £ (5)ds
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—2B)! / (e~ T=9B _ o=(T+9)Byy (5) ds
x B~ / (emT=NB _ o=(T+0B) £ (y)dy

T
+(I — e 278y [(23)1/ a(s)B™!
0

T
/ (e B — =GB r(y)dyds + B“ﬁ“ ’
0

where

2 T -1
B = A%, Q = <<I _ e—TB> + B—l/ (e—(T—S)B _ e—(T-'rS)B)a (S) ds) ,
0

and the estimates
lexp (—tB)llg_ g, ltBexp(—tB)| g p < M(B)e B (+ > 0),

1Qllg—E = M(B),

and the definition of the space E,.
Theorem 15.4 ([4, 5]) Ea((Ax)%, CR™) = CP*R") forall 0 < a < ﬁ, 0<

1
Ol<m.

Theorem 15.5 ([6]) For the solution of the elliptic differential equation
Au(x) = w(x), x eR”

the following coercivity inequality holds

2

|T|=2m

Ay

r1 T
x| ... 0xy"

<M®B lwlepgry,0<B<1.
cBR™"

15.3 Conclusion

In this article, we study nonlocal boundary value problem for 2m-th order mul-
tidimensional elliptic equations with integral type Samarskii—Ionkin condition.
The well-posedness of this problem in Holder spaces is proved. A high order of
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accuracy two-step difference schemes for the numerical solution of this differential
problem with integral type Samarskii—Ionkin condition will be presented. Note that
operator method of [1] will permit us to establish the stability of these difference
schemes.This is a joint work with Allaberen Ashyralyev (Bahcesehir University,
Istanbul, Turkiye).
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Chapter 16 ®
Smoothness for Degenerate Elliptic oo
Equations with Matrix Weights

Giuseppe Di Fazio (9, Maria Stella Fanciullo (%, and Pietro Zamboni

Abstract We establish local boundedness, Harnack inequality and local regularity
for weak solutions of quasilinear degenerate elliptic equations in divergence form.
The degeneracy arises from a non negative, symmetric, measurable matrix-valued
function Q(x) and two suitable non negative weight functions. Regularity results are
achieved under minimal assumptions on the coefficient.

16.1 Introduction

The investigation conducted in [9] focuses on triple degenerate quasilinear elliptic
equations, presented as follows:

-2
— div (h(x) v Q(qu(p Q(x)Vu> = m)| £ )P (x) . (16.1)

This kind of equations involves essential components: a non-negative definite,
symmetric, measurable matrix weight function Q(x) at its core and a non-negative
weight /. The equation includes also a weight function m in its right-hand side.

In [9], we showed local boundedness for weak solutions and the Harnack
inequality for positive weak solutions to (16.1). These achievements are contingent
upon specific conditions imposed on f, in particular the belonging to a Stummel-
Kato class, which implies continuity for weak solutions. A critical aspect of our
previous investigation involved a sub-representation formula yielding embedding
results crucial in controlling lower-order terms characterized by strong degeneracy
and singularity [1-3, 5].

It is noteworthy that prior studies, notably by B. Franchi, C. Perez, and R.L.
Wheeden in [10], shed light on scenarios where representation formulas cannot be

G. Di Fazio () - M. S. Fanciullo - P. Zamboni
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applicable, often due to the geometrical setting and the validity of (1-1) Poincaré
inequality.

Here, we consider (16.1) under a different approach (see also [4, 6-8]). We
assume a (1-p) Poincaré inequality for some p > 1, that—as in [10]—allows us a
different representation formula in terms of a special chain of balls. By using the
new representation formula we are able to prove a Fefferman—Phong embedding
result involving the Stummel-Kato class modeled to our setting.

Then, we perform an iteration scheme along the classical pattern drawn by Serrin
in [11] and obtain our fundamental results, i.e. local boundedness of weak solutions
and Harnack inequality for positive weak solutions.

Finally, we get continuity for weak solutions to Eq. (16.1) under Stummel-Kato
assumption on f, while Holder continuity when f belongs to Morrey spaces.

16.2 Main Results

Let @ be a bounded domain in R” endowed with a metric p. We denote by B =
B(x, r) the ball centered in x of radius r.

Let 1 be a given measure and Q : Q2 — S, be a u-measurable matrix function
taking values in S, the collection of all non-negative definite n x n symmetric
matrices. We always assume that the p'" power of the pointwise operator norm of

VO is aweightie. v = Q)5 € L. (Q; n) where

1Q)llop ;= sup (&, Q(x)§).

£eR” [§]=1

We consider Eq. (16.1) where & and m are L}OC(Q) and f belongs to a Stummel-
Kato class of functions defined below.

We work in an axiomatic setting assuming some geometric and analytic state-
ments listed below.

(H1) Segment property. For every x, y € 2, there exists a continuous curve y :
I C R —  connecting x, y such that p(y(s), y(t)) = |s — t| for every
s,tel.

(H2) We assume the o -finite measures du = h dx, dv = m dx are both doubling
with constants A,, A, > 0 respectively. Moreover we assume u to be
reverse-doubling of order 1, i.e. there exists a constant C > 0 such that
for every pair of balls B C B € 2 one has

W(B) = C (@)) w(B).
B

r

(H3) Weassume du <« dv, v(E) > 0 for every Lebesgue measurable set £ C 2
having positive Lebesgue measure and we assume that there exists C > 0
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such that for every compact subset E C 2 we have

/ vdu < Cv(E).
E

(H4) Sobolev inequality. Let P > 1 We assume there exist two constants Co > 0
and k > 1 such that given any compact subset E of €2 there exists a § > 0
so that for any ball B with a radius r less than § one has

1 1
! kg ) ;/ p )”
(v(B)fg'” "l d”) SC‘”(M(m , Vovurdy

for any u € Lip(B), the collection of all Lipschitz functions defined on B,
where up = ﬁ Jpudv.

(HS) Accumulating sequences of Lipschitz cut-off functions. We assume that given
any metric ball B = B(x,r) such that B € , there exists a sequence of
functions ¢; € Lipo(B) so that for every j € N

L.O<gjx) <1,
2. ¢j(x) =1forx € tB,
3. suppgjt1 C{y € B : g;j(y) =1}
. I«/Elel C
VP

< —

= s

r

o]

where C > 0and 0 < 7 < 1 are positive constants.

Now, we define the Q-weighted degenerate Sobolev space QW -7 (Q2; ) and the
solution of Eq. (16.1).

Definition 16.1 We denote by OWLP(Q; ), 1 < p < oo the completion of
Lipjoc(2) with respect to the norm

lull gwrr(@:py = (/Q(Iul” +(Vu - QVM)p/z)dM>p

1
= (/Q<|u|f’+ |@Vu|ﬂ>du)p.

Definition 16.2 We say that a function u € QWP (2; 1) is a solution of (16.1) if
for all € Lipp(S2)

/Q|@(x)Vu|P—2V¢(x>Q(x)deu+/Q|f(x)|1’—2f<x)¢(x>dv =0.

The main tools to be exploited are a subrepresentation formula and also a
Fefferman-Phong inequality. First of all, we remark that the segment property
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ensures us for each x € By € Q there is a collection of balls {B}‘ }?OZI depending on
x so that each of the following hold true for j € N:
o B;C C By,
* r(B}) ~27/r(By),
. p(B;, x) < Cr(B;.‘) with C independent of x and j, and
. B}‘ N B}‘H contains a metric ball S; with (S;) ~ r(B;.‘).
Theorem 1 in [10] allows us to state the following subrepresentation formula.

Theorem 16.1 Let p > 1. For any ball By with radius sufficiently small, and u €
Lip,,.(S2) one has

oo 1/p

1

@) —up| < € r(BY) (m /B N du(y)> (16.2)
j=0 J j

a.e. (dv) x € Q.
Now we define Stummel—Kato classes and Morrey spaces.

Definition 16.3 Let p > 1, By = B(xp, r) a ball and {B}‘}?"I1 be a chain of balls
as above. Setfor V. e L} _(R")

rP(BY

nj(Vir)y= sup sup | |V(x)|——== xpr(»)dv(x)
! xp€ER" yeBy Y By /L(B}r) J

we say that V belongs to the space S p(RM), if

p

n(Virn =Y mjvim'/? | < +oo.
j=1

We say that V belongs to S,(R") if, in addition, we have lim, ,on(V;r) = 0.
Moreover, we say thatthe V € § ;, (R") if there exists § > 0 such that

5 .ot
V’t p—1
f —(77( t)) dt < 400.
0

We say that V belongs to the Morrey space M, (R"), if there exist C and 0 > 0
such that n(V;r) < Cr°.

Subrepresentation formula (16.2) is useful in developing the following weighted
Fefferman-Phong inequality where we exploit the following class.

Theorem 16.2 (Fefferman-Phong Inequality) Ler 1 < p < oo and let V be any
Sunction in S, (R"). Then, there is a constant C > 0 (independent of V) so that for
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any ball By with0 < r =r(By) < § and 2B € R, one has

p
dp  (16.3)

/ [Vl fu(x)
By

foranyu € Lip(By).

Proof From Theorem 16.1 and Holder’s inequality we get
f [V ()] [u(x) — upy:vl? dv(x)
Bo

<C | IV@Ilulx) —upypP™!
By

00 1/p
Zr(B,»(x))[ z, I\/Q(y)Vu(y)I”du(y)} dv(x)
= (Bj(x)) JB;x)

P( x

o0 1/p
Z/B |V(x>||u<x>—u30;u|f’“[ (Bx) I\/Q(y Vu(y)l”du(y)] dv(x)
j=0"70

% Uy
= CZ |:/;;0 [V (o)l u(x) — MBO;U|pdv(x):|
=0

1/p
[ [V (x)] (B")/ Vo) Vu(y)l”du(y)dv(x)}

1/p
<c [/B Vol () uBO;UV’dv(x)}
0

00 rp(BX) 1/p
> / V)| ——2 / VO Vu)I” xpx (y)du(y)dv(x)
By H’(Bj) By /

j=0

1/p
<C [fB [V (o) u(x) — MBO;v|pdV(x):|

o0 1/p
BY)
Z[/ VW) Vu)|? / |V(x>| (Bx) X8} (y)dV(X)du(y)]

j=0

1/p
<C [ . [V o) u(x) — uBO;ul”dV(x)}
0

1/p o

(/B NI) Vu(y)l"du(y)) > mjvirpt/r
0 j:O
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1/p
<c [/B V) — uBo;u|Pdv(x>}
0

1/p
(/B Vo) Vu(y)lpdu(y)) ((Vir)'e,
0

from which (16.3) follows. O

Following the classical Moser iteration technique, as adapted by J. Serrin in [11]
for the quasilinear case, and with the aid of the Fefferman-Phong inequality instead
of Holder plus Sobolev inequalities to estimate products of coefficients times test
functions, we are able to prove the local boundedness of the solutions and the
Harnack inequality for non negative solutions of Eq. (16.1) (see [7, 8]).

Theorem 16.3 (Local Boundedness) Ler v € QW”’(Q; w) be a solution
of (16.1). Assume |f|P~! € S;,(Q). Then, there exists a positive constant C,
independent of v, such that for any B, for which B4, C Q2 we have

k 1
v(Bgr)>p<kl> < 1 )p -1
vl <C| ———= vIPdv) + =)t
lollegees,) (M(Bzr) { S 1 n (171775 2r)

Theorem 16.4 (Harnack Inequality) Let v € QWP (Q; ) be a non negative
solution of (16.1). Assume | f|P~! € S;(Q, v). Then, there exists a positive constant
C, independent of v, such that for any B, for which B4, C Q2 we have

supv < C {infv +7 <|f|”_1; 2r)}
B, Br

As a simple consequence of Harnack inequality, we get some regularity results
for weak solutions.

Theorem 16.5 Let u be a weak solution of Eq. (16.1) in Q and | f|P~! € S;,(Q).

Then, u is continuous in Q2. Moreover if we assume |f|‘”_l € My () then u is
locally Holder continuous in Q.
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Chapter 17 ®
Stability Analysis of Differential oo
Equations Using Mohand Integral

Transform

Sriramulu Sabarinathan @), Arunachalam Selvam ), and Sandra Pinelas

Abstract The Mohand integral transform is used in this study to examine the
stability in Ulam-Hyers sense of linear differential equations. Finally, the Mohand
integral transform is used to derive the stability results. These results are shown in
figures depicting the behavior of an RLC series circuit.

17.1 Introduction

The well-known Ulam-Hyers stability problem originated in the period of 1940-
1941, initially proposed by Ulam [15] and Hyers [3]. Rassias [10] popularized
the concept of stability. In recent decades, numerous mathematicians have been
dedicated to the exploration of stability theory in the Ulam-Hyers sense for covering
various functional and differential equations [9, 11, 12].

Mohand and Mahgoub were the first to suggest the Mohand transform, which
gives us the classical Laplace transform is the foundation of the Mohand transform
method, however it is enhanced and modified in [5]. In [7], the authors examined
the dynamic properties of fractional derivatives of both Riemann-Liouville and
Caputo types and derived results for their fractional derivatives. The results obtained
through Mohand transform is very close to the results obtained by Laplace transform
[1]. In order to convey that Mohand transform can be replaced with Laplace
transform to solve differential equations, we have considered Mohand transform in
this study. A lot of authors have contributed to stability in the Ulam-Hyers sense by
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using integral transform methods on different kinds of differential equations. These
include the Laplace transform [2], Mahgoub transform [4], Aboodh transform [13]
and general transform [8].

Motivated by existing literature, this study employs the Mohand integral trans-
form to investigate the stability in the Ulam-Hyers sense of the second-order linear
differential equations as follows:

' (s) + ph'(s) + qgh(s) =0 (17.1)
and
h'(s) 4+ ph'(s) + qh(s) = ¥ (s), (17.2)

where p and ¢ are constants, and 4 (s) is a twice continuous differentiable function.
Furthermore, we provide an application that examples of the derived abstract theory.

17.2 Preliminary Concepts Projected Method

This section recalls basic concepts in the field of Mohand integral transform, as
described in the literature. In this paper, the notation ‘W is employed to denote
either the real field R or the complex field C. A function 4 (s) is considered to be of
exponential order if there exist constants A, 8 € R such that |i(s)| < AeP* for all
s > 0.

Definition 17.1 ([14]) The Mohand integral transform of the function 4 (s) is given
by the formula:

Mih(s)} = & /OO h(s)e ds = H(w),
0

where M is the Mohand transform operator. The inverse of the Mohand transform
operator H(w) is denoted by % (s) can be obtained as MY H(w)} = h(s), where
M~ is the inverse Mohand transform operator.

Definition 17.2 ([1]) If Mohand transform of functions % (s) and g (s) are H(w) and
G(w) respectively, then Mohand transform of their convolution % (s) * g(s) is given
by

1 o0
h(s) * g(s) = M{h(s)} = M{g(s)} = Eﬂ(w)g(w) = [0 h(u)g(s — u)du.
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Lemma 17.1 ([1, 7]) If M{h(s)} = H(w), then

o M{H'(s)} = oH(w) — 0*h(0),
o M{h"(s)} = @*H(w) — 03h(0) — w*h'(0).
o MM (s)} = " H(w) — " T h(0) — "W (0) — - - - — w*h"~1(0).

17.3 Stability Analysis of the Projected Problem

To discuss the stability analysis of the projected problem. The definition that follows
is taken from [6] and modified for the proposed method.

Definition 17.3 ([6]) Linear problem (17.1) has Ulam—Hyers stability if there
exists a constant Z > 0 such that for a given € > 0 and for each function A (s)
satisfying the following inequality

|h"(s) + ph'(s) + qh(s)| <€, V5 >0, (17.3)

then there exists a solution p(s) of the (17.1), such that |h(s) — p(s)| < Ze,V s >
0, where Z represents a constant for Ulam-Hyers stability.

Definition 17.4 ([6]) Linear problem (17.2) has Ulam—Hyers stability if there
exists a constant Z > 0 such that for a given € > 0 and for each function A(s)
satisfying the following inequality

|h"(s) 4+ ph'(s) + qh(s) — ¥ (s)| <€, Vs > 0. (17.4)

Then there exists a solution p(s) of the (17.2), such that |h(s) — p(s)| < Ze, Vs >
0, where Z represents a constant for Ulam-Hyers stability.

Theorem 17.1 Let p and q be given constants. If a function h(s) satisfying the
inequality (17.3), then there exists a solution p(s) of the inequality (17.1) with

[h(s) — p(s)] < Ze, Vs >0.

Proof Let us assume that A (s) is a twice continuously differentiable function that
satisfies the inequality (17.3). A function d(s) should be defined as follows:

d(s) := h"(s) + ph'(s) + qh(s), ¥s > 0. (17.5)

Applying the Mohand integral transform to (17.5), we get

D(w) = (a)z?{(a)) — W3h(0) — wzh’(O)) n p(aﬂ{(a)) -~ wzh(0)> + g H(w).
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Now,

D(w) + @3 h(0) + w?h' (0) + pw?h(0)

Hiw) = 0>+ po+gq

Since for every p and g are constants, there exists a constant A, u € ‘W such that
A+ pu =—pand Apn = g, where A # u then

o+ po+q = (- - p.
Thus,

D(w) + 0>h(0) + 0?1’ (0) + pw?h(0)

7—( =
(@) (@— M@ — )

(17.6)

Then p(0) = h(0) and p’(0) = A’(0). The Mohand transform of p(s) yields as
follows:

3 AN 2
P(w) = w’h(0) + wh'(0) + pw h(O)' a7.7)
(=) (0 —p)

Hence, we get
M)+ pp'©) + ap )} = (0*P@) — 0p(0) - 029 ©))

+ p(0P@ - 0?p(0) + ¢P@),

@ p(0) + w?p’(0) + pew?p(0)
(@ — M) (w— )

P(w) =

As the operator M is one-to-one,

p"(s) + po'(s) + qp(s) = 0.
Hence, p(s) is a solution of (17.1). Further, it follows from (17.6) and (17.7), we get

__ D
Hw) = Plo) = o o = M{d@s) =€)},

where

1
¢ =M—1{—}.
(®) (@ — W)@ — )
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These equalities show that
h(s) — p(s) = d(s) x £(s).
By taking the modulus on both sides, we obtain

‘h(s) — p(s)( - )d(s) *z(s)( < ‘ /OS d(s)e(s — u)du‘.

Given inequality (17.3), we get |d(s)| < e,

Ihs) — p(s)| 5/

s
0

d(s)HZ(s - u)du‘

<Ze. Vs>0 Z= ‘/Osﬁ(s—u)du‘.

Therefore, linear problem (17.1) has Ulam—Hyers stability. O

Theorem 17.2 Let p and q be given constants. If a function h(s) satisfies the
inequality (17.4), then there exists a solution p(s) of inequality (17.2) with

[h(s) — p(s)] < Ze, Vs > 0.

Proof Let us assume that A(s) is a twice continuously differentiable function that
satisfies inequality (17.4). A function d(s) should be defined as follows:

d(s) :=h"(s) + ph'(s) + gh(s) — ¥ (s), Vs > 0. (17.8)

Applying the Mohand integral transform to (17.8), we get

D(w) + &*h(0) + 0?1’ (0) + pw?h(0) + M{Y(s)}

Hiw) = w?+ po+gq

Since for every p and g are constants, there exists a constant A, u € ‘W such that
A+ u=—pand Au = g, where A # u then

@+ po+g = (0 — ) (®— ).
Thus,

D(w) + 3h(0) + 0?1 (0) + pw*h(0) + M{Y (s)}
(0 — M) (®—p) '

H(w) = 17.9)
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Then, p(0) = h(0) and p’(0) = A’(0). The Mohand integral transform of o(s)
yields as follows:

@3h(0) + w?h'(0) + pw*h(0) + M{y (s)}

(17.10)
(@ —A)(w— )

Plw) =

Hence, we get
M{o"s) + pp's) + a0(s) = ¥ )| = (@ H(@) — *h(©) - o (©))

+ p(H(@) = 0*h(0) + gH@) + MY (),

@’ p(0) + w?p'(0) + pw?p(0)) + M{yr(s)}
(@ — W) (@ — ) '

Plw) =

As the operator M is one-to-one,
0" (s) + pp'(s) + qp(s) — M{yr(s)} = 0.

Hence p(s) is a solution of (17.2). Further, it follows from (17.9) and (17.10), we
get

D(w)

TP = w0

Md(s) )]
where

1
¢ =M1L——————}
) (@ — 1)@ — )

These equalities show that
h(s) — p(s) =d(s) x £(s).

Taking the modulus from both sides gives us

1) = p5)

- )d(s) «0(s)| < ‘/s d(s) % £(s — u)dul.
0
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Given inequality (17.4), we get |d(s)| < e,

hs) — p(s)| 5/

s
0

d(s)‘ ‘d(s) % (s — u)du) < Ze, Vs >0,

Z= ’/Sﬁ(s—u)du).
0

Therefore, linear problem (17.2) is Ulam-Hyers stable. O

17.4 Application of the Projected Method

Here, we analyse Ulam—Hyers stability of the RLC series circuit system with the
projected method.
The RLC series circuit shown in Fig. 17.1, can be described in the equation as
follows:
d*1  dl

1
+R_+_ = V[(S),

L&
ds? ds C

with initial condition I (0) = Iy, I'(0) = I(/). The parameters are taken as armature
current / in ampere (A), inductance L in henry (H), resistance R in ohm (£2),
capacitor C in farad (F) and voltage V; in volt.

Example 17.1 Find the current /(s) for the RLC series circuit with zero initial
current using the Mohand transform at time s. The total voltage force is 50 to a
series in which the inductance is 0.15 H, the resistance is 12€2 and a capacitor is
100pF.

Let us consider the RLC series circuit equation in the form:

0.151"(s) + 121’ +0.011 (s) = 50. (17.11)
Fig. 17.1 Diagram for RLC Vi
series circuit
’\/[\?/\/

Al
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Dividing the Eq. (17.11) by 0.15, we get

1" (s) + 801 (s) + 0.06671 (s) = 333.33,

we put the initial current as 7(0) = 0, I’(0) = 0. Define the function d(s) =
I (s)+801 (s)+0.06671 (s) —333.33, if twice continuously differentiable function

1 (s) satisfies
1" (s) + 801 (s) + 0.06671 (s) — 333.33| < ¢,Vs > 0.

Applying the Mohand integral transform to d(s) function, we get

D(w) + M{333.33}

I(w) = ,
(@ — 80)(w — 0.0667)

M{333.33}

To(@) = 80 @ — 0.0667)"

By using (17.12) into (17.13), we obtain

D(w)

T(@) = Tolw) = a5 0 0.0667)

= M{d(s) * Z(s)}, os) = o~ (80+0.0667)s

These equalities show that
1(s) — Io(s) = d(s) » e 80066Ds

Taking the modulus from both sides gives us

1) = )| = fi

where,

Z=

s 1
/ e—(80.0667)(s—u)du’ _ (1- e—80.0667s) —
0

Therefore, the RLC series circuit system (17.11) has Ulam-Hyers stability.

d(S)” f()s e—(80.0667)(s—u)du < Z€7 Vs> O,

"~ 80.0667 80.0667

(17.12)

(17.13)

Example 17.2 A series RLC circuit containing a resistance of 10€2, an inductance
of 0.15 wH, and a capacitor of 500 pF are connected in series across a total voltage
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force of 36 supply. Find the current / (s) for the RLC series circuit with zero initial
current using the Mohand transform at time s.

Let us choose the RLC series circuit equation form:
0.151"(s) + 101 (s) + 0.0021 (s) = 36. (17.14)
Dividing Eq. (17.14) by 0.15, we get
1"(s) + 661 (s) + 0.01331 (s) = 240,
we put the initial current as 71(0) = 0 and I’(0) = 0. Consider d(s) = I ! (s) +

661 (s) + 0.01331(s) — 240, if a twice continuously differentiable function I (s)
satisfies

1" (s) + 661(s) +0.01331(s) —240| < €,¥ s > 0,

D(w) + M{240}
(w — 66)(w — 0.0133)°

I(w) = (17.15)

M{240}

To@) = @ = 00133)°

(17.16)

By using (17.15) into (17.16), we obtain

D(w)
(w — 66)(w — 0.0133)

- M{d(s) % E(s)}, o(s) = M~ {e—<66+"-0133>s}.

I(w) — To(w) =

These equalities show that
1(s) — Io(s) = d(s) % e~ (66-0133)s

Taking the modulus from both sides gives us

N S
’I(s)—]o(s)’ gf d(s)’ / e~ (66.01396—w) 1| < Ze Vg >0,
0 0
where
-Z _ /S —(66.0133)(S—u)d _ 1 (1 —66.01338) _ 1
)¢ “T 660133 ¢ = 66.0133°

Therefore, the RLC series circuit system (17.14) has Ulam-Hyers stability.
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Current in RLC circuit (L=0.15;:H, R=1252 and C=100pF) Current in RLC circuit (L=0.15;:H, R=1012 and C=500pF)

]

IRY

Amplitude (1)

Amplitude (1)

"0 005 01 015 02 025 03 035 04 045 05 "0 005 01 015 02 025 03 035 04 045 05
Time (seconds) Time (seconds)

Fig. 17.2 Step responses against time for the systems given by (17.11) and (17.14)

Current in RLC circuit (Comparison)

L=0.15H, R=12Q? and C=100pF
L=0.15,H, R=10%2 and C=500pF

Amplitude (1)
> =

005 01 015 02 025 03 035 04 045 05
Time (seconds)

Fig. 17.3 Comparison of step response and against time for the systems given by (17.11) and
(17.14)

In Fig. 17.2, the results show that the system described by Eq.(17.11) has a
settling time of 0.0898 s and the system governed by Eq. (17.14) has a settling time
of 0.0774 s. The two systems are compared in Fig. 17.3. The analysis indicates that
both systems are stable.

17.5 Conclusion

In this investigation, we derived results regarding the stability in the Ulam-
Hyers sense of the linear differential equations by employing the Mohand integral
transform. Furthermore, we successfully established an application for stability
results based on this consideration. The Mohand integral transform for Ulam-Hyers
stability has been shown to work in the real world by looking at an electrical RLC
series circuit system.
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Part IV
Modeling and Applications



Chapter 18 ®
Mathematical Issues of Difference ke
Schemes for Atmospheric Boundary

Layer Equations

Dinara Tamabay (), Bakytzhan Zhumagulov (), and Almas Temirbekov

Abstract This research investigates the dispersion of pollutants in the air of Ust-
Kamenogorsk city. Employing a model of the atmospheric boundary layer, the study
focuses on simulating and forecasting the dissemination of detrimental substances
in the atmosphere. Using the finite difference method and the splitting scheme for
physical processes, the difference schemes for the model under consideration are
presented. Also in this paper, the approximation, stability and convergence of the
constructed difference scheme for calculation are presented. Numerical experiments
and visualization of the results are carried out.

18.1 Introduction

The quality of the urban atmospheric air is compromised due to emissions from
significant sources such as large thermal power facilities, substantial vehicular
traffic, activities in the private sector, and industrial enterprises; this adverse effect
is exacerbated by unfavorable atmospheric conditions and the city’s geographical
location [1].

A model of the atmospheric boundary layer is used to simulate the spread of
pollution in the atmospheric air. The model is based on multidimensional non-
stationary tasks. The model takes into account the continuous distribution of air
pressure under the influence of heat transfer processes. The fundamental principles
of weather and climate are shaped by the interplay of atmospheric motions and
thermodynamic processes. These principles serve as the foundation for addressing
various practical challenges, with a primary focus on environmental issues. The
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relevance of the problem is confirmed by publications devoted to this topic. The
works of Marchuk G.I. [2], Penenko V.V. [3], Aloyan A.E. [4], Arguchintsev V.K.
[5] are devoted to the mathematical modeling of the process of atmospheric air
pollution.

To study atmospheric pollution, Olsen H.R., et al. [6] used Gaussian models con-
sidering the propagation of gases and particles from point sources. In the Republic
of Kazakhstan, Zakarin E.A. [7, 8], Danaev N.T. et al. [9-11], Malgazhdarov Y.A.
[12] are engaged in the creation of geographic information systems in the field of
ecology. The works of Smagulov S.S., Danaev N.T., Zhumagulov B.T., Temirbekov
N.M. [13, 14] are devoted to the mathematical substantiation of the numerical
solution of problems, that are on the basis of considering system, as well as the
works of Temirbekov A.N. et al. [15-18], and many others.

The purpose of this study is to simulate atmospheric air pollution in the city of
Ust-Kamenogorsk using a model of the boundary layer of the atmosphere.

18.2 Formulation of the Problem

A model of the atmospheric boundary layer of the following type is considered,
equations of motion are as follows:

8u+8u2+8uv+8uw 8p+l +a( 8u)+8( 8u)+8(vau)
o M %+ Ty L,y Loy,
ot ox oy | oz ox ax ) Ty ey Tz
(18.1)
8v+8vu+3v2+3vw ap ; +a( Bv)+3( 8v)+8(30)
— t——+—+t——=—77——-lu+ — — —(Uy— — (),
ot " ox oy | oz dy ax M) Tay ey TV az
(18.2)
8w+8a)u+8va)+8a)2 ap+w+a( 8a))+8( 8w)+8( 80))
ow  oeu  Oove  ow 9P Ly L, 2y L0028,
or x| oy | oz 9z ax Mo’ Ty ey Tz Ve

(18.3)

the continuity equation is expressed as:

w9
divy = 20 %0y, (18.4)
dx dy 0z
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heat inflow equations are considered as:

00  00u 0ve dwb 1) 08
—+—+—+—+u(S 9 )+U(S—+9)
at ax dy 0z
20 (18.5)
= —(ux—) + —( ya—> + —( 3

To model the transfer and transformation of impurities, we use the following
equations:

d0pg | Odpqu vy, ~dwp; 9 GLon 0 RLon
a0 Tox T oy oz T e Tay sy
18.6)
9 g, (
+3_Z(v¥) +ag0q + By + fg Z‘/’q =1,

q

where 7—vector representing the velocity of the wind with its respective com-
ponents u, v, w; p—pressure indicator, A—parameter related to convection, S—
parameter of stratification, iy, sy—coefficients of horizontal turbulence for both
motion and heat; v—coefficient governing turbulent exchange vertically for both
motion and heat, 0—the ambient potential temperature, /—parameter of Coriolis,
¢,—the ratio of concentrations of pollutants in the impurity, f,—explains the
origins of substances at the roughness level, oy, B,—coefficients resulting from
atmospheric impurity transformation equations, where the index denotes the chem-
ical formula of the substance.

The initial and boundary conditions applied for solving the system of
Egs. (18.1)—(18.6) are as follows:

Vv _ 70 0 0
V=Vix 2,0 =0"(x,y,2), 9 =¢4(x,y,2),1 =0,

a0
u=u1(y5zat)5v=v1(yaz7t)7w=07a=O5

a0
u= u2(x, Zst)v V= UZ(-xs Zat)sw = 01 a_ = 07

0y =¢).y=00<x<Xh<z<H,
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u=0v=00=0p=0¢,=0z=H0<x<X,0<y<Y,

9 9 30
0=0h2 = au h2l = av, hZ = ag(0 —60), z2=h,0<x<X,0<y<Y.
0z 9z 0z

Here, H is the conditional height; X, Y—the dimensions of the horizontal bound-
aries of the calculated area, ¢4 0, @4, are the proportion of concentrations of matter

q at roughness degree in the surface layer, 6, is temperature, a, = % is the
parameter induced by the friction between air flows and the underlying surface,
ap = % is the parameter governing turbulent heat transfer, 4 is height of
surface layer, 5, ¢o are the parameters of dimensionless height, i, ¥y are Businger
interpolation functions. The boundary conditions of the type u = u1(y, z,1),v =
v1(y, z,t) are set based on meteorological conditions. When setting boundary
conditions for 6, ¢, in the surface layer z = h, the interactions of impurities with
the underlying surface are taken into account.

In order to solve the above problem, we will consider the uniform grid in region
Q=0=<x=<0,02y=<h,0<z=<I3 where hy = l1/Ny,hy = Io/N2,h3 =
I3/ N3:

Qp = {(xi,yj,zx) = (ihy, jha,kh3),i =0,...,Ny, j=0,..., Ny,

k=0,..., N3},

Qe =A{(xi—172, yj, 2) = (0 = 1/2)hy, jho,kh3),i=1,..., Ny, j=0,..., Na,
k=0,....Ns),

Q= (i, yj1/2.2) = (b1, (j — 1/2ha. kh3),i=0,... Ny, j=1,.... Ny,
k=0,..., N3},

Qzn ={(xi, yj, 2k—172) = (h1, jha, (k = 1/2)h3),i=0,..., N1, j =0,..., Na,
k=1,...,Ns).

Components of the wind speed u, v, @ are determined in the grid nodes €2, p,
Qy 1, 5, respectively. Temperature 6 is determined in the grid nodes €2, , and
pressure p, the ratio of concentrations of harmful substances ¢, are determined in
the grid nodes €2j,.
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18.3 Numerical Implementation Algorithm

In order to find VZH, 0y, goZ , at a time Ml splitting scheme is used, which
consists of the following stages:

1. Determination of T/)ZH/ 2 is realized as:
— —
VZ-H/Z — V’;z Tn Tn ., An
——— =LV, + AV 4+ G, (18.8)

T

where G j, = (I}, —lu", 0.

. T2 e U+l

2. According to the found V', , taking into account that div, V = 0, the
following equation for p is obtained:

Appitt = —— (18.9)

. T n+l1 . n+1
3. To determine the speed V ;™" on the time layer "™, we have

— —
n+l n+1/2
Vi = Vi

= —Vppth. (18.10)
T

4. According to V ZH, the temperature transfer and diffusion are computed using
the difference scheme presented below:

n+1 n
Qh B Qh

= — L6 + Ayb). (18.11)
T

5. Conversion of portions of harmful substance concentrations into impurities
through convection and turbulent exchange is determined as presented below:
n+1/2 n

Pq.h —Pah

— n n
- = Lugl, + Mgl (18.12)

6. The alteration of harmful substance concentrations into impurities and the impact
of external sources is determined as:

n+l _ n+l/2

% h % h 7
% =@l + By + 1y (18.13)
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For example, for the fraction of the concentration of a substance H S O3, we have:

(pn+1 ¢n+1/2
HSO HSO
% = —k154(0"HJfg103 + k149950, + fH505 (18.14)
where ayso;, = —kisa, B = kiao@so,. Concentrations of other harmful

substances can be obtained in the same way.

18.4 Approximation, Stability and Convergence
of the Difference Scheme

In order to consider approximation and stability, we integrate the left parts of
the equations of motion, dividing by A1h2h3 and obtain the following difference
relations:

Xi+1 Yj+1/2 Tk+1/2 al/t au al/tv auw
/ / +—+—+ —]dxldxzdx3
Vi 2y 2 8x1 0x2 0x3

hihah3
= (u;’,i+1/2,j,k)+(ul-2+1,j,k—Mi,j,k)/hl+[(Mv)i+1/2,j+1/2.k—(uv)i+1/2,j—1/2,k]/h2

+ [(uw)iv1/2, k112 — W)ig172,j.k—1721/ b3 + (pit1,j.x — Pi,jx)/ P
(18.15)

Xi41/2 LYl LU av duv  dv:  dvw  dp
/ f 3 4+ — 4+ — 4+ a—]d)quzd)@
Z

hihohs J X1 dxp  dx3

i/2 k1 /2
= (v,",,-,j+1/2,k)+[(uv)i+1/2,j+1/2.k—(uv)i—1/2,j+1/2,k]/h1+(v,-2,j+1,k—v,-2,j,k)/hz

+ [(vw)i, jr12.k+172 — W@)i jr1/2.6—-1721/ 3 + (Pijr1.k — Pij.k)/ h2
(18.16)

1 Nivl2 Y12 LU Jo duw  dvw  dw? ap
/ / / [+ —+—+—+ —]dX1dx2dX3
hihahs Xy 2 Vi % ot 0x1 0x2 0x3

= (] jkr1/2) T L@D)ig172 jher172 — UD)ig172,jkt1/21/ I
+ [(vo)i j+1/2.k+172 — V)i j—1/2.k+1/21/ ha + (a),-z,j,kH - a)iz,j,k)/h3

+ (pijk+1 — Piji)/ h3 (18.17)
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Similarly, it is possible to obtain difference relations for the right parts, thus the
following difference scheme is constructed:

n+1 u
Uiviya,jk ~ Wit1/2,j.k A n
- + Lyt P
— Lv” + L[(a. e ), +(a. , n ),
= Do Viitt/2k g ikt 12, % T i1/, 412k g 172,472

n
+ (@it 1/2,j,k+1/2Ux, i 41/2,.0073]

+ e i=LNI—2,j=LN,—Lk=T,N5—1 (18.18)

n+1 n
Vi j+1/2,k — %i j1/2k
T

1 1
— n . . n _
== Deui+l/2,j,k + Rer [(az+1/2,1+1/2,kvx1,i+1/2,j+1/2,k)x1

(2
+ Ly vk + P

lejk

n _ L. n _
+ (ai,j+l,ku)(2’j,j’k)X2 + (az,/+l/2,k+1/2vx3,,‘,j+1/2,k+1/2)x3]

+in(?j+1/2’k’ i=1,N —1,j=1,N, —2,k=1,N3 — 1 (18.19)

n+1 n
@; jk+1/2 ~ Dijk+1/2
T

3) kY
+ LU! j ajp + PO ] =M

1
n — . n —
+ [(@iv12,j k417205 172, j k12070 T (@ jr1724@ 412107

Rer
@i a1y O i =L N =1, j =T, Na—1,k=1,Ns -2,
(18.20)
where
X2,j+1/2  [X3,k+1/2
Ait1,j .k 2/ f ya(x1,iv1, X2, X3)dx2dx3 (18.21)
xX2,j—-1/2 JX3k-1/2
XLi+1/2  [X3k+1/2
ai,j+1,k =/ / a(xy, x2,j+1, x3)dx1dx3, (18.22)
X1i-1/2 YX3k-1/2

and so on. Approximation of continuity equation is determined as:

. —n+l1 +1 +1 +1
divgV'" =gt v J+lk toe Clay k12 =0 (18.23)
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For an unambiguous determination of pressure, we require that the following
equality be fulfilled:

Y p@hihahs =0, < @ (18.24)

—-oM
xXeQ,

Here, we use the following lemma in order to obtain the energy inequality:

Lemma 18.1 For any grid functions u; 1,2, jx € Qx, Vi, j+1/2,k € Qy, 0 jk+1/2 €
Q. satisfying conditions (18.23), (18.24), the identities are valid

1 2
(Lg,;)luiﬂ/z,j,k, Uig1)2,j.k) = (Lg’;)lvi,jJrl/z,k, Vi j+1/2,k)
3
= (Li,;lwi,j,kﬂ/z, w;, jk+1/2) =0, (18.25)

where summation is performed by the internal nodes of the grid Q, U Q, U Q..

Defining the norm of the velocity vector as follows:

%
IV IR =) 0 hahs + Y 40 ) hihahs
Qu Qy

+ Z(uﬁj,k+1/z)2h1hzh3 (18.26)

Multiplying difference equations (18.18)—(18.20) by Zquﬂ 2., hihahs,
2tv;’,ﬁ1/2’kh1h2h3 and ZIwz;}(Jrl/zhlhzhg respectively, and then summing up by
points Qy, 2y, 2,, and by making some transformations, we obtain the following
basic energy inequality:

IV R — V24 | Vo V12 420(Ly, Vvt

I I
"‘ZT(ZPHH :l—tl/ZJk'l_an-H lnj++l/2k+2pn+l zn;rk+1/2)h1h2h3+27dn

2t - =
< =Sy +2 n oyt 18.27
< DEI nl +2T|( f ) ( )
where

_ D). n n+1
dp = _(Z Lo uivi,jativiye,j
Qy

2. n n+1 n+ly3 n n+1
+ Z Loy viji1y2kVi jr12k + Z Dyx; Lzhwi,j,k+1/2wi,j,k+1/2)h1h2h3~

y Q y
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- =
n n+1y __ 0 n+1
(f"n v = E (fi1/2, %5172, ).k

Qp

0 1 0 +1
12k 12k fi ke 2@ Tk hthohs - (18.28)

_ n n+1 n n+1
Sn = Z Vi, jr1/2k i1 2, 6123 — Z Wit1/2,jkY%, j+172,6h1h2h3
Q Qy

_ n n+l n
= Z Vi 12k Wil 0k — Wig1y2,j i) Pihahs
Qy

+1
— Zuj?ﬂ/z,j,k(v;fjﬂ/z‘k — vy phihahy.  (18.29)
Q,

After some transformations, we obtain estimate of the following form:

n n

— 3 v 7 v

IV e Y VRV R VO R 42e Q1 PR Ina VO
k=0 k=0

2 Y I TR <21 VOR 5@ Y 1 7R (830

k=0 k=0

To examine the convergence of the finite-difference solution to that of the
differential problem, we analyze the finite-difference relations corresponding to the
equations of the model (18.1)—(18.6).

To consider the convergence of the solution of a finite-difference problem, the
following theorem will take place:

Theorem 18.1 Let the conditions C1—C3 ||¢" || | Va¢" | = 0; 1—M —Z_2
0; 1 —21C4 > 0 be fulfilled, then the solution of difference scheme of model (1)—
(7) is stable and converges to the solution of differential problem (1)—(7) at a rate

determined by the inequality:

¢n+1H2+C52’1:HV}1¢n+1H2 < Co(® 4+ Y.
k=

18.5 Numerical Results

Numerical calculations were performed for an area of 35 x 35 km and a fixed surface
layer height of 3500 m. The numerical implementation was performed based on
the following data: convection parameter (1) has been taken as 0.16 m(s - deg) !,
Coriolis force (/) as 10~*s~!, both horizontal () and vertical (uy,) coeff. of
turbulent exchange as 6 - 10> m? s~!, characteristic length scale (L) as 35 km, wind

speed (U) as 10m - s~ !, speed temperature (#) as 20 °C (Fig. 18.1).



194 D. Tamabay et al.

0.00233224
q 0.00217675
0.00202127
0.00186579
0.00171031
0.00155482
0.00139934
0.00124386
0.00108838
0.000932895
0.000777412
= 0.00062193
0.000466447
0.000310965
0.000155482

P4
0.000583059
0.000544189
0.000505318
0.000466447
0.000427577
0.000388706
0.000349836
0.000310965
5 0.000272094
0.000233224
0.000194353
o 0.000155482
0.000116612
7.77412E-05
3.88706E-05

pi3
3.28125E-10

SR |

1.7SE-10
1.53125E-10
E

|

Fig. 18.1 Spread of amount of harmful substances C O (a), SO; (b) and H>S O4 (c), respectively
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18.6 Conclusion

This study contributes to our understanding of pollutant dispersion in the atmo-
spheric air of Ust-Kamenogorsk. Employing the atmospheric boundary layer model,
we successfully modeled and predicted the spread of harmful substances, consid-
ering complex multidimensional non-stationary problems. The considered finite
difference method and splitting scheme for physical processes provided effective
difference schemes for the model, demonstrating satisfactory approximation, stabil-
ity, and convergence. Based on the considered model, software is being developed
to simulate and predict the distribution of harmful substances.
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Chapter 19 ®)
Application of Adjoint Equations for Qe
Numerical Solution of Problems Using

the Fictitious Domain Method

Nurlan Temirbekov @), Syrym Kasenov (%, and Yerkezhan Kanagatov

Abstract The article describes a method for increasing the accuracy of numer-
ical results of mathematical physics problems solved using the fictitious domain
method (FDM). The one-dimensional Burgers problem with a curved boundary is
considered as a model problem. To demonstrate the effectiveness of the proposed
FDM variant, the original domain is extended to a simple auxiliary domain and the
coefficients and the right-hand side of the equation are extended accordingly. At
the boundary of the auxiliary domain boundary conditions are set to facilitate the
numerical solution of the auxiliary FDM problem. In the classic version of FDM,
there are differences between numerical and exact solutions of problems. In order
to reduce this difference at the boundary of the original region, this article uses the
variational method. The application of the variational method leads to the solution
of the conjugate problem of the auxiliary FDM problem. To minimize the functional
difference of the boundary condition on the original boundary an iterative process
of the conjugate gradient method is constructed. Numerous calculations have been
carried out over a wide range of input parameters, which show the efficiency and
high accuracy of the proposed numerical method.

19.1 Introduction

When solving problems of mathematical physics using the finite difference method,
the separate problem is the curvilinearity of the initial boundaries. One of the
common methods for solving this problem is to use FDM. FDM is a method of
simplifying a geometrically complex original region by replacing this region with a
geometrically simple region, for example, a rectangle or parallelepiped [1-3].

N. Temirbekov
al-Farabi Kazakh National University, National Engineering Academy of the Republic
of Kazakhstan, Almaty, Kazakhstan

S. Kasenov - Y. Kanagatov (D<)
al-Farabi Kazakh National University, Almaty, Kazakhstan

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 197
A. Ashyralyev et al. (eds.), Analysis and Applied Mathematics,

Research Perspectives Ghent Analysis and PDE Center 6,
https://doi.org/10.1007/978-3-031-62668-5_19


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-62668-5protect T1	extunderscore 19&domain=pdf
https://orcid.org/0000-0002-2915-9520
https://orcid.org/0000-0002-0097-1873
https://orcid.org/0000-0002-0559-6910
https://doi.org/10.1007/978-3-031-62668-5_19
https://doi.org/10.1007/978-3-031-62668-5_19
https://doi.org/10.1007/978-3-031-62668-5_19
https://doi.org/10.1007/978-3-031-62668-5_19
https://doi.org/10.1007/978-3-031-62668-5_19
https://doi.org/10.1007/978-3-031-62668-5_19
https://doi.org/10.1007/978-3-031-62668-5_19
https://doi.org/10.1007/978-3-031-62668-5_19
https://doi.org/10.1007/978-3-031-62668-5_19
https://doi.org/10.1007/978-3-031-62668-5_19
https://doi.org/10.1007/978-3-031-62668-5_19

198 N. Temirbekov et al.

For example, work [4] considers FDM for numerical simulation of the flow
of a viscous incompressible fluid in complex geometric domains. The problem
is considered in a discretely given doubly connected domain with a curvilinear
boundary.

In the studied variants of FDM the same physical boundary conditions were set
on the boundary of the auxiliary domain as on the original solid boundary, i.e. the
problem of a complex curved boundary was removed, but the problem of setting
boundary conditions for pressure or total head remained.

In [5], an original version of FDM was proposed for the Navier-Stokes equations
of a viscous incompressible fluid in variable fields of velocity and pressure.
Moreover, at the boundary of the auxiliary region, boundary conditions are set for
the pressure in the form of a constant and the tangential components of the velocity
equal to zero. The solvability of the auxiliary problem of FDM with such boundary
conditions is proved. The presence of a boundary condition is needed to obtain the
Dirichlet problem for the Poisson equation for pressure. In this way, three problems
are solved: the issue of a curvilinear boundary and modeling the boundary condition
for pressure or total pressure, the issue of constructing homogeneous difference
schemes.

At the same time, in this method the assumption is often made that the boundary
condition on the fictitious boundary is equal to the boundary condition on the
original boundary or, in some cases, is even zero. Thus, due to this assumption,
FDM has the problem that the boundary condition at the original boundary is not
satisfied.

The article proposes some addition to the above method to take into account in
the numerical solution the boundary condition on the original boundary. Satisfying
the boundary condition is considered as a variational problem. Minimizing the
corresponding functional leads to the adjoint equation. Thus, the condition on the
original boundary is found by the iterative method. This method is also described in
article [6]. Also in articles [7—10] inverse problems are considered.

To illustrate the capabilities of the developed method the Burgers model initial-
boundary value problem was considered. The problem of FDM and the conjugate
problem are constructed. An algorithm for minimizing the functional is presented.
Numerous methodological calculations have been carried out.

19.2 Solving the Problem Using the Fictitious Domain
Method

The initial-boundary value problem for the one-dimensional Burgers equation is
considered in the domain Q7 = (0,§) x (0,T), 0 <& < 1:

ou ou 9%u
— — —U—s = , 1), 1 , 19.1
o e T =00, (D€ QOr (19.1)
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u0,1) =g1(@), t€(O,7T), (19.2)
u,t) =g, t(0,7), (19.3)
u(x,0) =vx), x€(0,8%). (19.4)

To demonstrate the methodology of the proposed FDM variant, task (19.1)-
(19.4) was continued into a fictitious subdomain and the auxiliary problem was
considered in the domain Q% = (0, 1) x (0, T):

ou’ out 0 ou®

i + u rre 3—x(u8 o) = fe&n, (x,0) € 07, (19.5)
u®(0,1) = g1(t), t €(0,T), (19.6)

u(1,1) =0, te(0,7), (19.7)

uf(x,0) = v°(x), x€(0,1), (19.8)

e, ) om, 0<x<§
M(x)_{u/s, E<x<l,

fx, 0, (x,1) € Qr

fix, ) = { 0, (x,1) € 0%/0r,

V() = {v(x), O0<x <& (19.9)

0, &<x<l.

In the above statement of the problem, the boundary condition at the actual
boundary is not taken into account. Thus, the following inherent in the FDM
assumption is made: outside the original domain but within the fictitious domain,
the viscosity coefficient increases significantly, and there is no flow. Thus, at the
boundary of the fictitious domain, the flow velocity is zero.

Below are the calculation results for the exact solution in the form u = t+sinmx:

As it can be seen from Figs. 19.1 and 19.2, the results of the numerical solution
by FDM and the exact solution are very close to each other. At the same time,
when comparing in digital indicators, there is some difference between the indicated
solutions, which is noticeable in the lower right corner of Fig. 19.3. It is supposed
that the reason for this difference is the assumption of the boundary condition. Next,
it is proposed to increase the accuracy of the numerical solution to the problem by
taking into account the boundary condition on the actual boundary.
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Fig. 19.1 Numerical result
of u(x,t)

Fig. 19.2 Graph of
u=-=1+sinwx

Fig. 19.3 Difference
between numerical and exact
result of u(x, )

19.3 Using the Adjoint Problem to Improve the Accuracy
of the Numerical Solution When Using FDM

To increase the accuracy of the numerical solution when using FDM it is proposed
to take as a solution to the problem that series of velocities whose value at the point
x = & is very close to g2(¢), for which it is proposed to minimize the following
functional:

T
J(g2) = /0 W (€, 1) — g2(1))*dt. (19.10)
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The Lagrangian L(g3) is defined for the minimization problem:

T
L(g) = / We (&, 1) — g(1))dt
0 (19.11)

el 9ue w3 L duf .
- N - ) dd9
+/0/01/f(8t+u N L) — e s

where 1 (x, t) is the Lagrange multiplier. The second term is the condition according
to which it is necessary to minimize the functional J(g2). This condition is taken
from Eq. (19.5).

To minimize the functional, the following increment is constructed:

L(g2+8g2) — L(g2) = 8L =< 82, L'(g2) > . (19.12)
The following notation is used for this:
u®(x,t; g2 +8g2) = it®, (19.13)
ut(x,t; g2) =u’, (19.14)
a® —u® = 8u’.
The perturbed problem is formulated:

omn®  _ ou’ 0 ouf
u -
Jt 0x 0x 0x

)= f(x, 1), (x,1) € 0r,
#0,t)=g1, t€(0,T),
(&, 1) =g +8g, 1€(0,7),
a°(1,1 =0, 1t €(0,7),
i (x,0) = v°(x), x € (0,1).

From the problem (19.7)—(19.9), the problem (19.5)—(19.8) is subtracted to
obtain the problem for §u®:

odut 45 o 0u’® n o 00U’ 0 ( 835146) 0 (19.15)
u u - — =0, .
o1 ax ox  ax P Tox
5u(0,1) =0, 1€ (0,T), (19.16)

Su®(&,1) =68g2, t€(0,T), 19.17)
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Sut(1,t) =0, t €(0,T),
Suf(x,0) =0, x €(0,1).

Thus, the Lagrangian increment is as follows:
T
L(g2+48g2) — L(g2) =4L = / W (&, 1) — g2(1))du’ (&, )dt

odut 8(u88u5) a9 ,00u’
f ftﬁ( 8—(M ——))dxdt.
X ax

The identically zero expression from (19.10) is considered:

/Tflw(38u8 N dutsut) 9 ( Eaauf))d it
= —_— — —))dxdt.
o Jo U ar ox ax M Tox

This expression is integrated in three parts: Integrating the first term, we get

T 1 T w
/ _ / (out )T — / u* (Lanr.
0 0 0

Integrating the second term, we get

T 1 £8,,8 T 1
/ / w(M)dxdtz/ (1//u€5u8|(1)—/ uséug(a—w)dx)dt.
0o Jo dx 0 0 0x

Integrating the third term, we get

T 1 9 5
/0 /0 Wa—x(ﬂ

W . e OV | f a oy
—— ufsuf |y — ——pufout Suf — (uf ——)dx)dt.
o M 7 5y 1 ou le + A u ax(“ Bx) x)

du’® LI
/(w [+ vt =L

Thus, the Lagrangian increment has the following form:
T
8L =/0 W (&, 1) — g1)du (&, )dt
- /T /1 Bug(% + u*’"% + i(m%))d}wfr
o Jo at ax  0x dax

1
—i—/ W(x, T)ou®(x, T) — ¥ (x, 0)8u’(x, 0))dx
0
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T
+/ (W, Du® 1, )su®(1, 1) — (0, Hu® (0, 1)8u®(0, 1))dt

ddut 0,¢ £(0,
f (WE—-0,Hp(E — O)% w0, D S(O)J)
06u” d6u’® 0,
./ W0 () =52 ( 0 w(é-%0,ﬂpf<s—ko>—li£%ji——fz)dt

. / AUE=0.0) W00
0 ax ax

n'(E —0)8u®(E —0,1) — wf(0)8uf (0, 1))dt
T
+/ (Mue(l)éus(l, 1) — w;ﬁ(g +0)8u’ (& +0,1))dt.
0 ax ax

Using (19.11)—(19.14), the formulation of the conjugate problem is as follows:

0 0 0 0
Wy T -t — s )
0,0 = 0,y (1, 1) = 0, Yr(x, T) = 0,

0 0 0 0,
UiE — 0, DuE — miﬁiy—ﬂ w@+onu@+mJ@5}—Q

(I/II'LS (gZ)x)x=§ =0.

Thus, the Lagrangian increment has the following form:

Ty 0, 9 0,
SL =< 83, L'(g2) >= / Jﬂi——ﬁ8@—@—45%}—9m@+mw&m.
The Lagrangian gradient at g5 is as follows:
9 -0, a 0,
gy = VETD e ) WTEERD e g,
X 0x

Next, using the gradient and the initial approximation, an appropriate value of
uf(&,t), at which the Lagrangian approaches a minimum, is selected by iterative
methods. The entire series of velocity values, which contains a more suitable value
uf (&, t), is assumed to be a more accurate solution to the problem (19.5)—-(19.9).
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Below are the difference schemes of the direct and conjugate problems:

1. To numerically solve the problem (19.5)—(19.9), the “upwind” difference scheme
is used in the implicit form:

1
1 — L) -l G D i = gD+ £

i=1,N.—1, n=1N;,—-1,

ug =gy, uyy =g, uy =0, n=0,N;, xyn =&u =v;, i =0, Ny.
2. Discretization of the adjoint problem (19.15)—(19.17):
vl +ul I/f;;;l + (it1/2 - llf;;-l)x =uyy — &

i=1,N,—1,n=N;—1,1, xyy =&

e =0, Y =0, n=0,N, ¢ =0, i =0, N,.

The results of minimizing the functional when an exact solution is in the form
u =t + sinmx are as in Figs. 19.4, 19.5, and 19.6.

Based on the above graphs, there is a significant decrease in the target functional
and the difference between the numerical and exact value of the velocity at the actual
boundary.

Fig. 19.4 Reduction of o)
functional

functional
3
T

. ) | ) \ ,
1o 5 70 i 25
iteration

Fig. 19.5 Numerical and
exact boundary condition
difference at x = &

llan-qT||
3
T

3
T

2 s L L 1 L
o 5 15 20 F3
iteration
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Fig. 19.6 Numerical and
exact velocity values at the
actual boundary

19.4 Conclusion
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Thus, it is noted that the target functional is minimized and the boundary condition
on the actual boundary is taken into account. At the same time, during the numerical
implementation of the above algorithm, it was noted that the time spent on solving
the problem taking into account the boundary condition significantly exceeds the

time spent on solving the problem without minimizing the functional.
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Chapter 20

Numerical Modeling of Diffusion
Processes in Two-Component Nonlinear
Media with Variable Density and Source

Mersaid Aripov and Dilobar Nigmanova

Abstract In this work self-similar and approximately self-similar approach to the
study of solutions of a double nonlinear parabolic system with a variable density
and a source or absorption. The estimate of the weak solution, free boundary and
the asymptotic behavior of the self-similar solution of the system for different cases
studied. The qualitative properties of a solution of reaction-diffusion system and
a double non-linearity with variable density established. Based it the problem of
initial approximation solved, numerical analysis of the Cauchy problem for slowly
diffusion, fast diffusion, critical and singular cases are analyzed.

20.1 Introduction

Mathematical models generated by modern problems of science and technology are,
as a rule, non-linear. One of the effective, universal methods for solving nonlinear
problems is the technology of computational experiment. However, carrying out
a computational experiment requires solving the problem of choosing the initial
approximation, which has the effect of nonlinearity, which can be achieved, for
example, by invariant group analysis of solutions.

In the domain Q = {(t,x): 0 <1, xe RN} consider a reaction-diffusion
system with a double nonlinearity and a variable density in a two-componential
medium described by the following system of degenerate parabolic equations with
variable density and time dependent nonlinear source or absorption

_ _ -2 _
el 5 = v (bl = kP2 0ul ) e~y urton =0,

- B . B (20.1.1)
[x] 133—;’ =V (|x|vm2! |Vvk|p VU12> +elx|7ly (HuP2v®2 = 0,
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with initial condition
u(0, x) = up(x) >0, v(0,x)=vp(x) >0, xeR", (20.1.2)

where, k € R, mi,mp > 1, pi,qi = 1, p > 2 are positive real numbers and
up(x) > 0,vp(x) > 0- are a non-trivial, non-negative, bounded and sufficiently
smooth functions, 0 < y(¢) € C(0, 00).

System (20.1.1) describes various physical processes in a two-component non-
linear medium of the reaction-diffusion, heat conduction, combustion, polytropic
filtration of liquid and gas processes with variable density at the presence of a source
or an absorption power of which is equal to y (¢#)u?iv¥i.

In the domain where 1 = 0, v = 0 or Vu = 0, Vv = 0, the system of
equations (20.1.1) degenerates into first-order equations. Therefore, it is necessary
to investigate a weak solution, since the system of equations (20.1.1) may not have a
solution in the classical sense.Therefore in this case, the weak solution is considered
in a class having a physical meaning. Notice that before numerically solving
considered problem (20.1.1), it is necessary to study various qualitative properties,
such as the finite speed of perturbation, localization of the solution, behavior of the
front (a free boundary), asymptotes of the self-similar solutions depending on the
values of the numerical parameters of the system of equations (20.1.1).

Problem (20.1.1), (20.1.2) and one equation case of it for the particular value
of the numerical parameters have been studied intensively by numerous authors
(see [1-7] and references therein). In particular, Samarsky A.A., Kurdyumov S.P.
et al. [1] study a condition for the global solvability of the Cauchy problem for a
degenerate parabolic system for the case where p = 2, n = [ = (. They developed
the theory and practice of studying the blow up properties of solutions in the case.
p =2orm = l,n =1 = 0. Special methods for studying blow up solutions
of non-linear parabolic equations have been developed, which make it possible to
carry out a sufficiently detailed study of blow up solutions using the example of a
heat equation with a source of a general form. The property of global solvability
and unsolvability for the case of one equation with variable density was studied by
lot of authors in [2], where a condition of global solvability of the Fujita type was
obtained [4].

In the works [3-7] studied the Cauchy problems to the following two equations
with variable coefficients:

p1 () uy = div (pou™ " | Dul*~" Du) + p3 (x) u”
(x,0) e 0r =RY x (0,T), T>0, N>1
u(x,0)=uo(x), xeRN

where A > 0, m+A—2 >0, p > m+i—1,p1 (x) = x|t po (x) = x|, p3 (x) =
|x|4. It was shown that under some restrictions on the parameters, any nontrivial
solution to the Cauchy problem blows up in a finite time. Moreover, the authors
established a sharp universal estimate of the solution near the blow-up point. They
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found conditions on the parameters of the problem under which the solution of the
Cauchy problem explodes in a finite time. Moreover, an exact universal one has been
obtained, i.e. independent of the initial function, an estimate of the solution near the
blow-up time.

The motivation for considering the Cauchy problem for system (20.1.1), (20.1.2)
it is a degenerate partial differential equation and therefore it is a source for the
emergence of new nonlinear effects such as the finite velocity of perturbation prop-
agation, the spatial localization of bounded and blow up solutions, the occurrence of
which was first established in the work [1] forcasen = ¢; = p; =0, k=1, p = 2.
Nowadays the problem of the numerical modeling considered problem not studied
enough.

20.2 Construction of the Self-similar System Equation

The study of various properties of solutions to system (20.1.1) is a difficult problem,
even for a particular case of system (20.1.1) [1, 5-7]. In works [1, 5-7] in the
case n = 0, p = 2 for the other nonlinear system (20.1.1), (20.1.2) were shown
affectivity of the self-similar approach for studying of the different properties
of the solutions of the problem (20.1.1) and (20.1.2). Below one manner—the
method of nonlinear splitting for construction of self-similar. This manner are
facilitated by more simple way investigate of qualitative properties of solutions of
the problem (20.1.1) and (20.1.2). For the construction of self-similar systems, a
nonlinear splitting algorithm is proposed [6]. The qualitative properties of solution
considered problem based on self-similar, and approximately self-similar approach.
Therefore, in order to reduce the system of equations (20.1.1) to a self-similar,
approximately form, we first solve the system of ordinary differential equations

du o opsa 4V _ o psa

T y(@)ufro?l, pie y()uhP?v (20.2.1)

which have a solution of the form

, —ay , —ay
u(t) = T+/J/(y)dy ERNOES T+/J/(y)dy ,
0 0
where
(@2+1) —qi u (p1+1)—p2

o] = 5 2 = 5
(p1—D(g2—1) — paqi (p1—D(g2—1) — paqu
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Then, in order to construct a self-similar and approximately self-similar system
for system (20.1.1), we will seek solutions to the system of equations (20.1.1) in the
form

u,x)=u@w@),e(xD), v, x)=v@)z (), ¢(x)) (20.2.2)

where
t t
T (t) — /ﬁk(p—2)+m1+l1—2 (y) dy Zfﬁk(p—2)+m2+12—2 (y) dy
0 0

(e = 22 _r
X frd . 1 = .
v g S T it

(n+0)<p
Substituting (20.2.2) to the system (20.1.1) it reduced to the following system of
equations

P2,
ow _ 1—s 0 s—1,.m—1 B_wk qw'l
=¢ a<p<‘p w ‘aw‘ a¢)

+aP1 k(=D =mi=h+1gar () 4 gP1791)

u (20.2.3)
0z _ 150 (,s—1ma—1|0zk|P72 ozl
3¢ — ¢ ar \ ¢ z ap dp

+aP2pa2k(p=2)=ma=h+1 (; 4 o a2q)P2)

wheres:%, n+l<p

It is easy to see that system (20.2.3) has the following an approximately self-
similar solution of the form

w(T (), 9 (x)=f1), z(@@),¥x) = f2(05), (20.2.4)

p—(n+D)

where ¢ (x) = %M , € = ¢ (x) /P and the functions fi (§), f> (&)
satisfy to the approximately self-similar system

Li(s, p,my) fi + t(@)aP ~He=D=m=htlgaig (f + fi71 1) = 0,

La(s, p,ma) fo + t(t)aP2 02— kp=2=m=btly, (£, 4 @ f1P2) = 0,
(20.2.5)

where

Li(s, p,m) fi = &' G (&7 e
(20.2.6)

k
LoGs. pomo) fo =17 (&7 pymo ]df
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In particular if y (#) = 1 then

r()aP1~kKp=D-—m-h+lga — ¢ =

- T=Gk(p— 2)+m1+ll Doy’ (20.2.7)

p2ja2—k(p=2)=my—l+1 _ =
T(t)ulrv = Q2= T=kp—2tmth-—Dar

Therefore, we have the following the self-similar system

Li(fi, f)=§""% (g? L pymi= 1‘df1
lf(k(p72)i;nl+ll 1)011 (i +e it 1) =0,
La(fi, f) =" 5 (EY Lgyma= 1‘df2

17(k(p72)i§n2+1271)a2 (f2+ef2 i) =0.

dfl h £dfi
>+p@+

(20.2.8)
—2aph 4 Edp
d& p dE

k(p—=2)+m1+0L1 —Dar =Gk(p—2)+may+1L— Doy

Theorem 20.2.1 Let k(p — 2) + m; + ; — 1 > 0, p > n + |,
t()ali—kp=D-mi—litlgaiy, < Soio= L2 for Yo > 0, u(0,x) <
up (0,x), v(0,x) < vy(0,x), x € RN. Then problem (20.1.1), (20.1.2) for
small data is global solvability and the estimate u (t, x) < u4 (t, x) v (t x) <

vy (t,x) for solution and free boundary |x| < p_;

0= {(t,x) >0, x € RN} holds, where

I .
a ? [t(@)]r—nT = in

t o ‘ )

U+t <va>=(T+/V(y>dy> EGR v(r,x>=(T+fy<y)dy> £®),
0 0

&) =@—EN3", ni= o, i=1,2

= kKp-DFtmitli—

Proof Proof of the theorem based on comparison principle. For comparison
function we take u4 (¢, x), vy (7, x). It is easy to check that

Li(uy,vy) <0, Ly(uy,vy) <0
in

p—n—1 p!

={mx):t>o,u|g a}[rOHﬂhq.

Then according comparison principle we have u (f,x) < wuy (f,x), v(t,x) <
vy (£, x)in Q = {(t, x): t>0, x€ RN}. Proof of Theorem 1 is completed. O
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The case p = n + [ we will call singular case [8, 9]. In this case we have the
following

Theorem 20.2.2 Letk(p—2)+m;+li—1 > 0, p = n+1,t()aPi—*P=2)=mi—li+154i
o < %, i=1,2forvt >0, u(0,x) <us@©,x), v0,x) <vy:(0,x), x €

RN\{O}. Then problem (20.1.1), (20.1.2) for small data is global solvable
and the estimate u (t,x) < u4(t,x), v(t,x) < wvg(t,x) for solution in

0 = {(t.x): t >0, x € RN\{0}} for free boundary |x| > exp <apl'l[r (t)]fl’>
holds,

where
t — t —*2
uy (t,x) = <T+f)/(y)dy> fi@&), v, x)= (T+f7/(y)dy> 28,
0 0
2

. —1 .
fi®) =@—", =t i=1

20.3 Asymptotic of Self-similar Solution

Consider self-similar solutions to system (20.2.8) satisfying the following boundary
conditions:

f1(0) =co > 0, fi(b1) =0, by <00, f2(0)=co >0, f2(b2) =0, b2 < 00,
(20.3.1)

J1(0) =co > 0, fi(o0) =0, f2(0) =co >0, f2(c00) =0. (20.3.2)

Let us study the asymptotics of solutions to problem (20.2.8), (20.3.1).

Theorem 20.3.1 Let m; +1; + k(p —2) — 1 > 0, i = 1,2. Then the solution
1
f1(&), f2(8) of the system (20.2.8) for & — av has asymptotics

f1€) =1 fi®) (1 +o(1) 2033
f2(€) = c22(®) (1 +0(1)) (2039

where coefficients c1, ¢y satisfy the system of algebraic equations

(1 (k(p —2) +my +11) — p+ 1) ynilkn [P~ 2c™ THO=DH 4 gei iy = 0,
(n2 (k(p —2) +ma + 1) — p + 1) ynalkna|P~2c2THP=DF 4 gei P22 = 0.
(20.3.4)
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Proof To prove it, we will seek a solution to system (20.2.8) in the form

J1(8) =f(§) w (T),_E(E) =(a—&N" y =5, 1=-In(a-¢§),
[26) = f2(5)z(r), ];2(5) =(@—§)4", =97,

p =
¢ (x) = ==lxl 7,

(20.3.5)

where

p—1

_ p—1
" =t mh=2 "= tp)+mth=—2 (20.3.6)

2= kp—Dtmath-2°

Substituting (20.3.5) into (20.2.8) after simple calculations we obtain the follow-
ing system

(5755 = m k(p =2 +m+1) = p+1) yLy (w) +y gLy @)+

a—e™ T

ye—r(nl—(nl(k(]7;2)+ml+ll)—p+l)) fi_if " (a _ e—'[) w[?] Zq] _ 0,
(5755 —m G - +m+b) = p+1)yLa@+rEL @]+
ye—r(nz—(nl(k(p;2)+ml+ll)—]7+1)) 2,_1: " (a _ e—'[) wpzzqz _ 0’

(20.3.7)

The analysis of the solution of the last system shows that w — ¢1, z — ¢ for
T — 00 where the constants c1, ¢ are solutions of the algebraic system of

(ny (k(p —2) +my + 1) — p+ 1) ynilkny [P72c™MTRP=DH0 4 gePret =0,
(n2 (k(p —2) +may + 1) — p + 1) ynalkna|P~2c2 K P=DF 4 gei P22 = 0.
(20.3.8)

Theorem 2 is proved. O

Theorem 20.3.2 Let m; +1; + k(p —2) — 1 < 0, i = 1,2. Then the regular
solution f1(&), f2(&) of the problem (20.2.8), (20.3.2) for & — oo has asymptotics

fi@® =ca i) +o1), fi(€) =c2frE)(1+0(1)) (20.3.9)

where the coefficients c1, casatisfy the system of algebraic equations

(s + (n1(k(p —2) +m1) — p + 1) ynilkny [P72cyMH*P=D 4 gci Pieyt =0,
& ==+1,
(s + (n2(k(p — 2) + m2) — p + 1) ynalkna [P~ 2,2tk (P=2) g P22 = 0
(20.3.10)

Proof Proof of Theorem 20.3.2 is similar to the proof of the Theorem 20.3.1. O
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Theorem 20.3.3 Let in (202.8) p = n+I,m; +1; +k(p —2) — 1 = 0. Then
solution of problem (20.2.8), (20.3.2) at &€ — 00 have the following asymptotics

f1€) = czexp(=bEM) (1 +o(1), v =5

(&) = caexp(—bEY)(1 +0(1)), &= ()r(t)”/f’,qo(x)zln|x|

20.3.11
i 1 ( )
mil P—p;
where b = <kp—2> .

Proof Proof of Theorem 20.3.2 is similar to the proof of the Theorem 20.3.1. O

20.4 Results of the Numerical Experiments of the Solutions

The numerical solution of problem (20.1.1), (20.1.2) is a difficult task due to
degeneration of the considered problem and numerical results depend on the
manner of the linearization and method in the numerical solution of a nonlinear
system (20.1.1) by iterative methods. In the work for numerical solution used
modification of the sweep method suggested by Samarskii A., Sobol I. [5] For
numerical solution linearized system used iterative processes based on the Picard
and Newton method. For the numerical solution in two dimensional case of this
problem, the method of variable directions is used, with the Peaceman-Rachford
scheme of the following form

)7;’+'—y;f _ (yijﬂ) Ixix1|"ai j+l j+1 ) j+1 j+l

S = X "ain (») Yigr — Vi —a; (/) (v = ¥/]
—&d; (yjH,ZjH)],

A ) _

Z; Z; i+1 i+1 i+1 +1 +1

L e [t () (2 ) =0 o) (27 =)
—ed; (Zj+l’yj+1)],

i=12,....,.n—1;j=0,1,...,m — 1

yW=uo (), 2 =vo(x;)), i=0,1,....m

yé:q&] (7). zé:<p1 (rj) i=12,....m
ylgl=¢2(fj), Zf,=(p2(‘l:j), j=12,...,m
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where

(0j+1

y

j+1 j+1
d; (yj+ ,z/+
j+1 j+1
d; (yl-‘r ,z/+

d; (Z./'+l’ yj+l

aiv1 (/) =

biy1(z/Hh) = 3

ai(y*h = 3

bi(yI*h =3

(z

+(z{+l)’”2_1

+(y /‘H)ml—l

]+1)m27]
i—1

,) ( ) — Picard method,

)=
|: + pi yl
[

J
+p2 1
j+1 -1
yi ™
j+1 _
+(yij+l -t
('j+l)m2,1 (z
l

+(ZJ+1)m2 1

J'H)ml—l

Wherer:O,l,_Z,...

Pl*l

i+1

(z /‘H)k (ZI-H)]‘

h

h

h

h

h

j j )4
(CT AR L e AN L

JH
yl

j+1 j+1
Ol P

h

j+1)k_( j*')k 14

) =/t

(z /-H)k (z’“)"

p—

Gl TR/t

p

-2
_|_
-2

p—

-2

6"

pa—1
" ( Jjr_ >i| (y ) — Newton’s method.

+
-2

_l.

+

2
G =i e [P

bl

)

flz |

The differential circuit is linear in relation to the functions

frd y-], Ve

UL ynyitl
z

bl
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s

= z/ from the previous time step is taken as the initial iteration.

The results of computational experiments show that both iterative methods
are effective for solving nonlinear problems due to appropriate choosing of the
initial approximation. As expected Newton’s method requires fewer iterations than
Picard’s method to achieve necessary accuracy (see table below):

Numerical parameters

p
6.9
4.7
2.9
3
3

k
35
2.5
4.1
3
1

W == W WS

m;
3.2
1.7

2.3
22

2.1
2.9
1.5

Number of iterations

Newton
3

NSRS RRVSRRON]

Picard
3

4
4
3
2
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Figures 20.1, 20.2, 20.3, and 20.4 show that results of the numerical experiment
gives the effect of a finite speed of a perturbation of solution, and localization of
solution depending on value numerical parameters. The computational experiment
were carried out for a slowly and a fast diffusion cases.

1. Slowly diffusive case. For initial approximation (m; +[; +k(p —2) — 1 > 0,
i = 1, 2) used the following functions:

uo (1, x) = 7(t) f1 (§), vo(t,x) =0(1) f2(E),
f1E) =@—e0", L) =@—§)" y=p/(p—1), § =@ /7,

p p=(+D)
<P(X)=m|x| L

u@) =T+, v@) =T +1)"*.

2. Fast diffusive case. In this cases an initial approximation (m; +[; + k(p —2) — 1
< 0, i =1, 2) following functions are used:

uo (1, x) = () f1 (§), vo(t,x) =0(1) f,(E),
f1@E) =@+e0", () =@+§), y=p/(p—1, § =@ /7,

p p=(+D)
<P(X)=m|x| L

ut)y=(T+0)"%, v@)=(T+1)"*,

U Ay

Fig. 20.1 The results of the numerical experiment for slow diffusive case-1
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U

Fig. 20.2 The results of the numerical experiment for slow diffusive case-2

U v

v v

Fig. 20.4 The results of the numerical experiment for fast diffusive case-4

20.5 Conclusion

In this paper, the qualitative properties of the problem Cauchy for double non-
linear system with variable density and nonlinear source or absorption based
on self-similar analysis of solutions, the influence of variable density, source or
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absorption to evolution of studied processes established. The asymptotic behavior
of self-similar solutions depending on the value of the numerical parameters of
system (20.1.1) investigated.. The problem of choosing initial approximations for
the numerical analysis of solutions of the considered problem is solved. It is
shown that the coefficient at the principal term of the asymptotics of the solution
satisfies to some system of nonlinear algebraic equations. For numerical solution
the iterative processes are built on the basis of the Picard, Newton methods. The
results of computational experiments show that both iterative methods are effective
for numerical solution considered double nonlinear problems and lead to new
nonlinear effects due to suggested appropriate an initial approximation the solutions
for the numerical solution. The results of computational experiments show that
both iterative method and computational scheme and sweep iterative methods are
effective for solving considered nonlinear problem and lead to nonlinear effects if
solutions of self-similar equations constructed by the nonlinear splitting and the
standard equation methods are used as the initial approximation.

Acknowledgments Authors thanks professors Ashyralyev A. and Ashurov R.R. for useful
discussions and contributions and improving of the content of the work.
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Chapter 21 ®
An Extensive Simulation Study oo
for Evaluation of Penalized Variable

Selection Methods in Logistic Regression

Model with High Dimensional Data

Nuriye Sancar (% and Ayad Bacar

Abstract Variable selection, as a category of supervised methods, is a procedure in
statistics that involves selecting a subset of important variables from a larger set of
variables. The variable selection process in high dimensional data is quite significant
to avoid overfitting and produces meaningful results from the model. Lasso, Elastic
Net, Adaptive Lasso, and Adaptive Elastic Net, known as penalized methods,
are frequently used methods for variable selection to reduce dimensionality in
the logistic regression model with high dimensional data. This research aims
to examine and compare the performances of these penalized methods in the
variable selection process in logistic regression under different scenarios through
an extensive simulation study in high- dimensional data.

21.1 Introduction

Today, in an era of rapidly evolving data science, researchers are faced with datasets
of increasing size and complexity [1]. In this context, high-dimensional data analysis
has become a hot topic in data science. In high-dimensional data, unlike low-
dimensional data, the number of variables (p) is greater than the number of samples
(n). Researchers frequently deal with such data in genetic, biological, financial, and
many other fields. Although high-dimensional datasets provide valuable information
because they contain greater detail and complexity, they can also complicate
analysis processes and lead to overfitting of models. When working with high-
dimensional data sets, the variable selection process is quite important so that
the model avoids overfitting and produces meaningful results from the model [2].
Variable selection, as a category of supervised methods, is a procedure in statistics
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that involves selecting a subset of important variables from a larger set of variables.
This process is used to both improve the performance of the model and reduce the
computational cost.

The logistic regression model is a probability model that estimates the probability
that the dependent variable belongs to one of two categories. Logistic regression is
frequently used by researchers to achieve successful results in high-dimensional
data sets, especially in classification problems. In logistic regression with high-
dimensional data, variable selection is essential to improve model interpretability
and prediction performance, and to reduce overfitting [3]. In data science, there are
generally three types of variable selection methods: filter, wrapper, and embedded.
Each of these methods has different advantages and characteristics in terms of
determining variables and increasing model performance [1]. In filter approaches
that work independently of the model, a value is calculated for each variable in
the data set through an evaluation function, and the variables with the highest
values among these calculated values are selected for the best variable subset. These
methods are fast but ignore how variables interact with the final model. Wrapper
methods, another variable selection method, evaluate variables according to the
performance of the model using the model to be trained. Wrapper methods are
generally accurate and flexible, but are computationally costly and run the risk of
overfitting.

On the other hand, Embedded methods carry out the classification and vari-
able selection processes simultaneously since they contain both the classification
algorithm and the variable selection algorithm in their structure. Although these
techniques are successful and efficient, a thorough understanding of the model and
its characteristics is necessary. The Embedded approach has a much lower tendency
to overfit than other approaches. Since embedded methods perform variable selec-
tion during model training, they can be considered more advantageous than other
methods thanks to their ability to handle many variables at the same time [4]. It can
also handle many variables simultaneously and increase generalization ability by
offering flexibility to control the complexity of the model by adjusting the penalizing
parameters. Decision tree-based approaches (such as random forest [5], and gradient
boosting [6]) and variable selection utilizing penalization methods (such as Lasso
[71, Adaptive Lasso [8], Elastic Net [9], and Adaptive Elastic Net [10]) are some
types of embedded approaches. Penalization methods have some advantages over
decision tree based methods such as interpretation of model coefficients, simple
parameter settings, and more tendency to result in sparse solutions Although
Random Forest is that is resistance to overfitting in high-dimensional datasets,
Random Forest is not generally preferred as a variable selection method in high
dimensional data because of memory and computational limitations [11]. Also,
The Random Forest algorithm’s performance declines when redundant variables
exist in the dataset [12]. On the other hand, the advantages of Gradient Boosting
include strong predictive performance and resistance to outliers. However it may
face overfitting in high-dimensional datasets [13].

Lasso, Elastic Net, Adaptive Lasso, and Adaptive Elastic Net, known as penal-
ized methods, are frequently used among these embedded methods for variable
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selection to reduce dimensionality in high dimensional data. These penalized
methods from embedded methods are faster and more accurate than other methods
[14]. This study aims to examine and compare the performances of these penalized
methods in the variable selection process in logistic regression under different
scenarios through an extensive simulation study in high-dimensional data.

21.2 Methodology

A binary logistic regression (BLR) is used to predict the likelihood of a binary event
through a logit link function. The binary logistic regression model is defined in
Eq. (21.1):

1

PQyi=1x;, ) =7 (x;) = gL (2L.1)

In the context of a logistic regression model, the dependent variable, denoted
as y; follows a Bernoulli distribution represented as y; ~ B(m;). x; is row i of
the independent variable matrix with n observations and p independent variables,
and B(p+1)x1 is the column vector of model coefficients. The maximum likelihood
(ML) method, which aims to maximize log likelihood defined in Eq. (21.2), is used
to estimate model coefficient 8

L(B) =Inl(B) =Zyl-x,fﬂ—1n[1 +ex5ﬂ]. 21.2)

i=1

BLR with high-dimensional datasets has some challenges in the modeling
process, as the theoretical structure of the BLR prevents parameter estimation
through the maximization of log likelihood when dealing with such data. The
model becomes ineffective when the data is high-dimensional because maximizing
the likelihood produces abnormally large regression coefficients in the model,
which cause overfitting and erroneous estimations. On the other hand, due to the
high dimensionality, the independent variables are frequently strongly correlated,
leading to a multicollinearity problem in the independent variable matrix. The
multicollinearity issue warrants consideration because it results in high standard
errors of the parameters and leads to erroneous results because of unstable param-
eter estimations. For the BLR with high dimensional data, numerous penalized
approaches have been developed to address the multicollinearity issue and for
variable selection. LASSO, Adaptive LASSO, Elastic-net, and Adaptive Elastic-net
are frequently used penalized methods in BLR with high-dimensional data.

The least absolute shrinkage and selection operator (LASSO), also known as L.1-
penalization, introduced by Tibshirani in 1996 [7], aims to reduce parameters to zero
to prevent overfitting. The procedure for calculating the LASSO penalty involves
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multiplying the coefficients’ absolute value by the penalization parameter A, added
to L(B). LASSO estimator in logistic regression is obtained mathematically as
follows

p
Biwasso) = arg min [—L(ﬁ) +ry w} : (21.3)

i=1

This prevents overfitting by reducing the parameters to zero. Upon A = 0, it
simplifies to the ML estimator. If, however, A — o0, then all the independent
variables become 0 due to the penalization term. Generally, the penalization
parameter, A is selected by cross-validation method. While the LASSO has certain
benefits, there are drawbacks when it comes to computationally handling high-
dimensional data. First, because of convex optimization restrictions, the LASSO
can only choose a maximum of n variables when p >> n. Second, it has
trouble managing the effects of grouping, especially when there are strong pairwise
correlations between a set of independent variables, leading to the selection of only
one variable without considering which one. Lastly, Fan and Li (2001) have pointed
out that there is no oracle characteristics (consistency of feature selection) in the
LASSO method [15]. Adaptive LASSO (AdaLASSO) estimator was proposed by
Zou [8]. AdaLASSO estimator for the logistic model is obtained as the following
Eq. 21.4:

p .
Bi(adaLAss0) = arg rrgn |:—L(/3) +ry igl,” : (214
i=1 171

where ,3 is an estimator of B, and the ridge estimator is usually utilized as an
acceptable estimator of 8. The existing studies have shown that AdaLASSO has
oracle characteristics. If the oracle characteristics exist, the coefficients of the
accurate model with O values are correctly estimated as zero, while the rest of the
coefficients are calculated as if the actual model was known beforehand [10].

Zou and Hastie (2005) proposed the Elastic-net estimator for selecting variables
that aim to address the limitations of LASSO [9]. Elastic net uses both ridge regres-
sion penalty to address the multicollinearity problem and the LASSO penalization in
the variable selection feature in an attempt to combine the L1 and L2 penalizations.
In other words, the Elastic net estimator is an estimator that aims to obtain an
equilibrium among the LASSO and ridge estimators and is given by

R 1 b 1<
Piwtasic-Ney = argmin —- L(B) + 2 [a PICIEIEOEDS ﬁ?]} . (215)
i=1 i=1

where A > Oand 0 < o < 1. If « = 1, the Elastic-net estimator is reduced
to LASSO §stimator. If « = 0, the Elastic-net estimator is reduced to the Ridge
estimator, Bjridgey = argming [—L(B) + A7, B?]. The elastic-net has an
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advantageous property called the grouping effect, in which a group of variables
that are highly correlated have identical coefficients and are chosen simultaneously.

The Adaptive elastic-net (AdaElastic-Net) is proposed by Zou and Zhang [10].
It includes the strengths of quadratic penalization and adaptively weighted LASSO
shrinkage which handles the grouping effect and oracle characteristics. Adaptive
elastic-net estimator can be considered as the combination of the elastic-net and the
adaptive LASSO and is given by

A ) 1 p 1L
Bi(AdaElastic-Net) = argn/lsm_r_zL(ﬂ) + 2 [a D wi |+ (- )5 2,312} :
i=1 i=1
(21.6)

-y
Here, w; = ( with ¥ > 0. y = 1 was used for this research

BiErastic-Nety + )
since the results in the existing studies show that the estimate is not considerably
impacted by this parameter [16—18]. To determine the most practical combinations,
A and o are often selected by optimizing k-fold cross-validation using grid search
across « and A [19]. The main purpose of this study is to examine in detail the
advantages and disadvantages of the frequently used penalized methods through
different simulation scenarios in an extensive simulation study on high-dimensional
data for logistic regression.

21.3 Simulation Study

Simulation analysis has been conducted to compare the variable selection per-
formances of LASSO, Adaptive-LASSO, Elastic-net, and Adaptive Elastic-net
from penalized methods in logistic regression under different scenarios including
different degree of collinearity from low to strong and different dimensionality
through an extensive simulation study in high-dimensional data.

The logistic regression coefficients are assigned constant values denoted as 8.

The actual model coefficients are takenas 8 = ( 1.5, 0, ..., 0) where the number of
N
20 p—20

active independent variables is 20. We have taken n = 150 and p = {200, 300}. The
generation of the response variable (y;) is associated with the probability defined as
(x;) = 1+e+*tﬁ The variable y; takes values of 0 or 1, where a probability, 7 (x;)
is greater than or equal to 0.50 corresponds to y; = 1, and 7 (x;) is less than 0.50
corresponds to y; = 0. The penalization parameters, A and « for the methods are
selected using a fivefold cross-validation approach through grid search.

This simulation study has taken into consideration 8 different settings as follows:

Setting I:  Covariates in the independent variables matrix X are generated from
the normal distribution with low correlation (+ = 0.30) for p = 200.

Setting II:  Similar to Setting I, with moderate correlation (r = 0.60) for p =
200.
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Setting III:  Similar to Setting I, with strong correlation (r = 0.90) for p = 200.
Setting IV:  Similar to Setting I, but with p = 300.
Setting V:  Similar to Setting II, but with p = 300.
Setting VI:  Similar to Setting III, but with p = 300.
Setting VII:  Covariates in the independent variables matrix X include a group-
ing effect.
Group A: x; =dy +&,dy ~ N, 1) fori =1,2,...,5.
GroupB: x; =dy + &;,dy ~ N, 1) fori =6,7,...,10.
Group C: x; =d3 + &;,d3 ~ N, 1) fori =11,12,...,15.
Group D: x; =ds + &;,ds ~ N(0, 1) fori = 16,17, ..., 20.
x; 1is distributed as independent and identical with x; ~ N(0,1) for i =
21,22,...,p,& ~N(,0.01) fori =1,2,...,20.
Setting VIII:  Similar to Setting VII, but with p = 300.

The covariates in settings VII and VIII are derived including the grouped
variables with four identical groups, where the relationship among the identical
group is as strong as 0.99.

21.3.1 Performance Assessment Criteria for the Methods

The effectiveness of the models in variable selection has been assessed by Flscore,
true negative (TN), false negative (FN), true positive (TP), true negative (TN), sum
of square error for the model coefficients (SSE), and precision (P), and recall (R).
F1-score, TN, FN, TP, and FP have been evaluated by the confusion matrix. In this
matrix: True Negative (TN): Correctly identified zero coefficients, True Positive
(TP): Correctly identified non-zero coefficients, False Positive (FP): Incorrectly
identifying zero coefficients as non-zero, False Negative (FN): Incorrectly identify-
ing non-zero coefficients as zero. Precision (P), Recall (R) (also called sensitivity),
and F1-score values are calculated as follows

P = TPTJF—P”,, R = TPTJF—P}N, Fl-score = 2(1.%115)).

Lastly, SSE as the Sum of Squared Errors for § has been calculated for all
methods to measure of the general accuracy or goodness of fit of the penalized
models where SSE = Zle(ﬂi — ﬁi)z where f is the true coefficients.

500 random replications of the simulations have been performed. Every sim-
ulated data set has been split into a test set (as 30%) and a training set (70%)
throughout each iteration of the simulation. A and « have been selected from the
training set, and the estimators have been computed using the training set. After
models have been constructed using the training dataset, performance assessment
criteria have been computed on the test sets and the median value of these criteria has
been provided. All simulation data and analysis have been performed in R Version
version 4.3.1.
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21.3.2 Simulation Findings

The variable selection performances of AdaFElastic-net, Elastic-net, LASSO, and
AdaLLASSO methods in logistic regression models with high dimensional data were
assessed using performance assessment criteria such as recall (R), precision (P),
F1-score, MSSE, TP, TN, FP, and FN. This comparison was conducted across eight
different simulated datasets over 500 iterations. The median values of these criteria
have been computed for each method under each simulation setting. Table 21.1
illustrates the simulation results of all the compared penalized methods for each
setting.

AdaElastic-net in each correlation and dimension has returned the highest F1-
score compared to all other penalized approaches. This observed performance of
AdaFElastic-net for the logistic model with high dimensional data aligns with the lit-
erature indication [5]. With a lower F1-score, LASSO presents a poor performance
in high correlation that supports LASSO’s limitations in handling highly correlated
variables. In other words, in the presence of multicollinearity, the variable selection
performance of LASSO was very weak. F1-score indicates the balance of recall and
precision. Further, AdaLASSO has shown better performance in the presence of
low and medium correlation while Elastic-net has demonstrated strong performance
in the existence of multicollinearity. Moreover, as dimensionality increases, all
methods have tended to exhibit a decrease in Fl-score values. In the case of
grouped variables, after AdaElastic-net, elastic-net yielded the best result, followed
by AdalLASSO, while LASSO gave an unsuccessful performance.

On the other hand, MSSE gives an idea of the model’s accuracy and a low value
of MSSE indicates a good performance of the method. As collinearity degree (r)
increases, The MSSE has tended to increase for LASSO, highlighting the failure of
this method in this context. AdaLASSO method gave the lowest MSSE value only in
setting 1 where low correlation. However, except in this setting, as dimensionality
and collinearity degree increases, the MSSE value for this method has decreased.
AdaFElastic-net has continuously generated the lowest MSSE in all the compared
penalized methods in all settings except setting 1. Moreover, the MSSE values
for all approaches except LASSO have declined as the correlation rises while the
dimensionality stays constant. When there is a high correlation or grouped effecting,
the LASSO is not enough reliable and tends to randomly choose certain essential
factors while neglecting the remaining relevant factors. Because of this, it is not
advised to utilize the LASSO approach for variable selection in high-dimensional
logistic regression when there is a strong correlation or grouped variable situation.
A-ENet and A-LASSO provide satisfactory results when the other techniques’
performances are examined based on the MSSE values. In contrast, it has been
shown that the Elastic-net technique performs better at higher correlations and
performs badly at lower correlations (r=0.30).

The TN and FN rates allow us to assess how effectively the methods perform
variable selection successfully. All methods demonstrated improved performance
in terms of TN values as the correlation increases. Especially, AdaElastic-Net
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Table 21.1 Simulation results for all settings through performance assessment criteria

Settings | Methods ‘ MSSE ‘ TN ‘ FP ‘ FN ‘ TP ‘ F1-score ‘ Recall ‘ Precision

Setting 1

p:200 | AdaElastic-net |5.401 | 159 |21 0 |20 |0.656 1 0.488

r:0.30 | Elastic-net 6.104 | 108 |72 2 |18 |0.327 0.900 |0.200
LASSO 5625 | 129 |51 2 |18 |0.405 0.900 |0.261
AdalLASSO 5.247 | 155 |25 4 |16 |0.524 0.800 |0.390

Setting II

p:200 | AdaElastic-net |4.382 173 | 7 0 |20 |0.851 1 0.741

r :0.60 | Elastic-net 5.559 | 127 |53 2 |18 ]0.396 0.900 |0.254
LASSO 4982 | 137 |43 5 |15 ]0385 0.750 |0.259
AdalLASSO 4611 |164 |16 4 |16 |0.615 0.800 |0.500

Setting I1I

p:200 | AdaElastic-net |3.705 |177 | 3 0 |20 |0.930 1 0.870

r :0.90 | Elastic-net 4383 | 154 |26 0 |20 |0.606 1 0.435
LASSO 5411 |146 34 6 |14 |0412 0.700 |0.292
AdaLASSO 3990 |169 |11 8 |12 0.558 0.600 |0.522

Setting IV

p:300 | AdaElastic-net |7.136 |253 |27 0 |20 |0.597 1 0.426

r :0.30 | Elastic-net 8.772 | 170 110 3 |17 10.232 0.850 |0.134
LASSO 8.380 |204 76 4 |16 |0.286 0.800 |0.174
AdaLASSO 7.801 |226 |54 6 |14 |0318 0.700 |0.206

Setting V

p:300 | AdaElastic-net |7.002 |271 | 9 0 |20 |0.817 1 0.690

r:0.60 | Elastic-net 7.621 209 |71 2 |18 10330 0.900 |0.202
LASSO 7234 234 |46 6 |14 10350 0.700 |0.233
AdaLASSO 7.188 241 |39 6 |14 10383 0.700 |0.264

Setting VI

p:300 | AdaElastic-net |4.755 276 | 4 0 |20 |0.909 1 0.833

r:0.90 | Elastic-net 7.103 269 |11 0 |20 |0.784 1 0.645
LASSO 7.622 |257 |23 9 |11 |0.408 0.550 |0.324
AdaLASSO 5698 |272 | 8 |11 9 10486 0.450 |0.529

Setting VII

Grouped | AdaElastic-net |4.944 |174 | 6 0 |20 |0.869 1 0.769

variables | Elastic-net 6.103 | 158 |22 0 |20 |0.645 1 0.476

p:200 |LASSO 6.663 | 138 42 8 |12 10.324 0.600 |0.222
AdaLASSO 6.030 |164 |16 |10 |10 |0435 0.500 |0.385

Setting VIII

Grouped | AdaElastic-net | 6.142 | 270 |10 0 |20 |0.800 1 0.667

variables | Elastic-net 7.925 265 |15 0 |20 |0.727 1 0.571

p:300 |LASSO 9.642 233 |47 |10 |10 |0.259 0.500 |0.175
AdaLASSO 8574 261 19 |12 8 10.340 0.400 |0.296
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has consistently returned the highest TN values among all simulation settings.
Following this, AdaLASSO performed well in terms of TN values in settings I-
VI. Although in low and moderate correlation settings, LASSO has outperformed
Elastic-net, in high correlation settings (when multicollinearity exists), Elastic-
net has exhibited superior performance in terms of TN values, demonstrating a
higher number of correctly identified zero coefficients compared to LASSO. In the
setting of grouped variables, AdaElastic-net has been followed by the Elastic-net
method, and subsequently, the AdaLASSO method because of strong correlation.
LASSO has exhibited the lowest performance in the grouped variable situation.
Subsequently, LASSO has returned the lowest TN value. When examining FN
values, which represent the number of incorrectly identifying non-zero coefficients
as zero, it has been observed that AdaElastic-net consistently achieves a value
of 0 in each simulation setting, indicating a highly successful variable selection
performance. The method following closely was Elastic-net, reaching a value of 0
in high correlation settings. However, AdaLASSO and LASSO have not provided
satisfactory results in terms of FN values. Moreover, in the grouped variable
situation, as dimensionality increased, FN values tended to show an increasing
trend. Since TN+FP equals the number of zeros in the correct model, and FN+TP
equals the number of non-zeros in correct models, the interpretation of FP and TP
values in each setting for each method aligns with the aforementioned observations.
Furthermore, while the TN values can be interpreted proportionally in the same way
as Precision, FN values can be inversely interpreted in the same manner as Recall.

The “oracle property” in the variable selection process describes the optimal
scenario in which a variable selection method may accurately pick the truly
significant variables from a wider range of variables. TN values are used to
assess the techniques that use the oracle property in the variable selection process.
According to TN values, it has been observed that AdaElastic-net possesses this
important oracle property. Additionally, it can be stated that the AdaLASSO method
also has this significant feature. Moreover, the literature has repeatedly noted that
the Elastic-net and LASSO methods do not have this property.

21.4 Conclusion

In this study, the variable selection performances of penalized methods, namely
LASSO, Flastic-net, Adaptive Lasso, and Adaptive Elastic-net, have been com-
pared and examined in logistic regression within different scenarios through an
extensive simulation study in high-dimensional data. As a result, logistic regression
with Adaptive Elastic-net has generally demonstrated superior performance in the
variable selection process throughout all investigated high-dimensional simulation
settings. On the other hand, Adaptive Lasso produced successful results in simula-
tion settings with low and moderate correlations, while LASSO generally showed
a moderate variable selection performance only in scenarios with low correlation.
However, when there is a multicollinearity problem in the data, the LASSO method
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should not be preferred for variable selection in high-dimensional data. Elastic-net
method can be preferred for variable selection in high dimensional data, especially
in situations with grouped variables and the presence of multicollinearity, or in other
words, scenarios with a high correlation between variables. As a future study, the
performances of these embedded penalized methods will be applied and investigated
on different types of regression models. It is also planned to apply these methods to
real datasets and compare them with different methods.

Competing Interests The authors have no conflicts of interest to declare that are relevant to the
content of this chapter.
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Chapter 22

Constrained Switching of Exponentially oo
Stable Time-Delay Systems: Perspectives

and Open Questions

Gokhan Goksu

Abstract This chapter addresses some open questions about how to guarantee the
exponential stability of switched time-delay systems by using constrained switch-
ing techniques. When extended to switched systems, the Lyapunov-Krasovskii,
Lyapunov-Razumikhin, and Lyapunov-Halanay methods in time-delay systems
have the potential to result in some unique average dwell-time bounds that are
well-known in a delay-free context. We start presenting a result by using the family
of Lyapunov-Krasovskii functionals, which is a direct extension of a well-known
result in finite-dimensional systems. We also provide the results given by using the
Lyapunov-Razumikhin methodology. After presenting the results in the literature,
we address the question of whether the Lyapunov-Razumikhin method may have
alternative extensions in switched time-delay systems. We conclude the chapter by
addressing the questions of whether Lyapunov-Halanay methods can also be used
to establish the exponential stability of switched time-delay systems and how a mix
of all these methods can be used to establish the exponential stability of switched
time-delay systems.

22.1 Introduction

Switched systems are a well-known and extensively researched class of hybrid
systems that combine discrete, isolated switching events with continuous-time
system orchestration. These kinds of systems are significant in and of themselves,
and much study has been done on their stability characteristics [12]. For the stability
and stabilization of switched systems, numerous conditions based on the existence
of multiple or common Lyapunov functions are proposed (see [7, Chapter 2.1 and
3.1] and references therein). When a common Lyapunov function is absent, the
stability of the switched system frequently depends on the switching signal; this
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situation is known as restricted switching and necessitates the use of numerous
Lyapunov functions in the analysis.

The switched systems literature is experienced in the use of average dwell-time in
the context of limited switching [7, 12]. Requirement for average dwell-time is the
so-called compatibility condition; each Lyapunov function related to a subsystem
must be able to be upper bounded by a scalar larger than unity times another
function connected with a different subsystem. Stated differently, the leap among
all functions must be captured by a scalar larger than unity for a family of functions
to be compatible. It is vital to place additional restrictions on the activation time or
average activation time of unstable subsystems when they show instability in order
to guarantee stability in the resultant switching system [15, 16].

Different types of stability can be established in time-delay systems in a number
of ways. Stability and stabilization of switching time-delay system is of particular
importance since there are numerous methods for establishing different kinds of
stability for time-delay systems. More specifically, [6], the Lyapunov-Krasovskii
technique is a powerful tool for examining the robustness and stability of time-delay
systems. Finding a functional that is appropriate and has the requisite dissipation
properties together with the solutions of the related system is crucial to the success
of this strategy. The target of research is now a functional, where the argument
reflects the entire state history during some finite time period. This is the primary
distinction between this method and the Lyapunov methodology.

On the other hand, the Lyapunov-Halanay and Lyapunov-Razumikhin methods
use functions, which are scalar functions that offer an explanation of the stability
and behavior characteristics of a time-delay system [5, 11]. The purpose of the usage
of Lyapunov-Halanay functions or Lyapunov-Razumikhin functions is to represent
the stability of the system by taking into account both the function’s maximum
value over a given period of time and its initial state. Unlike Lyapunov-Krasovskii
techniques, which use the directional derivatives, these functions are defined by
certain inequalities involving the gradient and the dynamics of the system. For
further information on these various techniques, see [2—4, 9].

This chapter explores the switched time-delay systems, highlighting exponential
stability as a key concept. Utilizing Lyapunov-Krasovskii, Lyapunov-Razumikhin,
and Lyapunov-Halanay techniques specifically designed for time-delay systems,
the investigation proceeds with distinct average dwell-time bounds. As the chapter
moves from Lyapunov-Krasovskii functionals to Lyapunov-Razumikhin methods,
it poses problems regarding possible extensions in switching time-delay systems.
Additionally, it poses the question how Lyapunov-Halanay techniques or the mix
of these three methodologies may work to guarantee the exponential stability of
switched time-delay systems.

The notation is as the following. Given x € R”, |x| denotes its Euclidean norm.
Given § > 0, X" denotes the set of all continuous vector valued functions ¢ :
[-8; 0] — R" equipped with the norm [|¢|| := sup,¢[_s o) |#(7)|. Z is the set of
integers whereas N is the set of positive integers.
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22.2 Preliminaries

Consider the switched systems consisted of time-delay systems

X)) =foun(xr), a.e.t>0,
x(0) =x0(0), 6 e[-6,0],

(22.1)

where x(¢) € R” is the instantaneous value state vector whereas x; € X" denotes
the state history defined over the time interval [ — §, ] as

xi(8) = x(t +5), Vs € [-6,0].

Hence, xop € X" is the initial state history. The switching signal, a piecewise constant
function of time, is defined as o : R>g — % which is an element of the set X of all
right-continuous, piecewise constant functions from R>¢ to # with a finite number
of discontinuities. Here, the associated family of subsystems are given as

x(t) =fp(xe), pEeP, (22.2)

where # C N is some finite index set. The vector fields f, : X" — R", p € P
are assumed to be Lipschitz on bounded sets of X" and satisfies f,(0) = 0 so
that, given any xo € X", all subsystems admits a unique solution. For a compact
formulation, we will write the unique absolutely continuous solution x(-) := x (-, xq)
on its interval of existence for xy € X".

We define the global exponential stability (GES) property as the following.

Definition 22.1 (GES) The system (22.1) is said to be globally exponentially stable
(GES) under certain switching signal o if there exists ¢, k > 0 such that, for all
X0 € X",

lx(®l < ce ™ xoll, V& >0, (22.3)

holds along the corresponding solution x (¢).

In time-delay system, two special types of functional derivatives are utilized
which we detail next. The upper-right Driver’s derivative of a functional V : X" —
R is defined, for all ¢ € X" and all w € R" as

Vi(pnw) = V(®)

DYV (¢, w) := limsup (22.4)
h—0t h
where, for each & € [0, §), ¢,y € X" is given by
(s+h), s €[4, —h),
drw =17 (22.5)

|0 +wt +5), se[—h,0]
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In general, Driver’s derivative is used in the direction of a vector field. In such a case
and in switched time-delay system context, the increment is taken as w = f},(¢),
for any fixed p € P with ¢ € X". Moreover, it is well-known from [8, Theorem 2]
that the Driver’s derivative of the functional V computed at x; corresponds almost
everywhere to the upper-right Dini derivative of the function w(¢) = V(x;) along
the solutions of (22.2):

Doy ,Vx1) = Dy pyw(®), Vi €[0,b), ace.,
where

. V(xi4n) — V(x)
D(ng_z)w(t) = lim sup — >~ 17

m s A (22.6)
N

We now present a list of functions and functionals differing in the way they
dissipate along solutions and define global exponential stability (GES) func-
tions/functionals.

Definition 22.2 Consider the family of switched time-delay systems (22.2) for all
p € P. Given an index set P,

* a family of Lipschitz continuous functionals V,, : X" — Ry, p € P on
bounded subsets of X", is said to be a family of GES Lyapunov-Krasovskii (GES
LKFs) with (k3, P) if there exist k1, k2, k3 > 0, & > 1 such that the following
hold

Vy() <uVy(9), Vp,q € P, Vo € X", (22.7)
kg ()2 <V, (¢) < kallplI>, ¥p € P, Vo € X", (22.8)
DYy, Vo(@®) < —kVy(@), Vp e P, V¢ € X", (22.9)

* afamily of continuously differentiable functions V), : R" — Rxo, p € P is said
to be a family of

— GES Lyapunov-Halanay functions (GES LHFs) with (k3, k4, gb) if there exist
ki, ko, k3, ka > 0, u > 1 with k3 > k4 such that the following hold
Vp(x) <puVy(x), Vp,q € P, Vx e R", (22.10)
kilx|* < V,(x) <ka|x|*, Yp € P, Vx € R", (22.11)
VVp(9(0) fp(P) < —kiVp(#(0)

+ky sup V,(¢(s), VpeP, ¢ € X", (22.12)
s€[—48,0]
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— GES Lyapunov-Razumikhin functions (GES LRFs) with (p, k3, P) if there
exist k1, k2, k3 > 0, u > 1 and p € (0, 1) such that (22.10) and (22.11) and
the following hold, for all ¢ € X" and all p € P,

Vp(@(0)) =p sup Vp(@(s))
$€[=4,0] (22.13)

= VV,(9(0)fp(#) = —k3V,(#(0)).

Definition 22.2 presents dissipation inequalities considering a family of functions
and functionals. A GES LKF is defined when the Driver’s derivative of the
functional satisfies a dissipation inequality involving the LKF itself which will be
used to ensure an exponential convergence for a subsystem. On the other hand, GES
LHF and LRF are defined for a family of functions. In this case, these functions
must satisfy specific inequalities involving the inner product of gradient and the
system dynamics. Moreover, LRFs are established in an implication form, while
LHFs directly consider the maximum value of the function over a time interval.

We, now, define the average dwell-time and activation time for a switching signal.

Definition 22.3 (Average Dwell-Time) For a switching signal o € ¥, we say that
o has an average dwell-time (average dwell-time) 7,, if it belongs to the following
set

r—s

e, ::{062 : ANg € Ns.t. No(s,t) < Nog + ,0§s<t}.

Ta

(22.14)

Here, Ny (s, t) is the number of discontinuities of the switching signal ¢ € ¥ on an
interval (s, t) and Ny is called the chatter bound.

As a notation, we employ the switching times on the interval (0,t) by
t,...,tN 0, for an arbitrary time ¢+ > 0 where N;(0,7) is as defined in
Definition 22.3. Moreover, the initial time is considered as 79 = 0.

22.3 Recent Results and Open Questions

We now present the average dwell-time conditions to ensure GES of the switched
time-delay system (22.1). The first result makes the use of the family of GES LKFs
which is a direct extension of the result in [14].

Theorem 22.1 Consider the family of subsystems (22.2) and suppose that
there exists a family of GES LKFs with (k3, P). Then, the switched time-delay
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system (22.1) is GES, for every switching signal o satisfying the average dwell-time
bound

Inp (22.15)
L —— )
T k3 —ky

for some k4 € (0, k3).

The presented theorem establishes GES of a corresponding switched time-delay
system by considering the family of subsystems described by (22.2) and assuming
the existence of a family of GES LKFs. Here, the key insight lies in the average
dwell-time bound (22.15), where the bound involves an interplay between the so-
called compatibility parameter ©, and exponential convergence parameters k3 and
k4, where k4 is constrained within the interval (0, k3). As a result, the theorem
provides a guideline to choose an average dwell-time that ensures the desired level
of GES in the presence of time delays and switching dynamics.

The following sufficient conditions are given in [13] by using a different
Lyapunov-Razumikhin approach.

Theorem 22.2 Consider the family of subsystems (22.2). Given an index set P, a
Sfamily of continuously differentiable functions V, : R" — Rxo, p € P, assume
that there exists k1, ko > 0, u > 1 such that (22.10) and (22.11) hold. Suppose also
that, there exist k3 > 0 and p > 1 such that the following holds for the family of
functions V, : R" — Rxq, forall ¢ € X" and all p € P,

Vp(@(0))e" >p sup V,(#(s))
sel=3.01 (22.16)

= VV,(#(0) fp(#) < —k3V)((0)).

Then, the switched time-delay system (22.1) is GES, for every switching signal o
satisfying the average dwell-time bound

Inp + k36
> — .

22.17
P ( )

Ta

Differently from Theorem 22.1, Theorem 22.2 establishes a condition for the
GES of switched time-delay systems within a particular usage of Lyapunov-
Razumikhin framework. The key to this result lies in the average dwell-time
bound (22.17) which establishes a requirement on the temporal separation between
consecutive switches, expressed in terms of the Lyapunov-like function dynamics
and the time delay parameter §.

Even though, this theorem offers practical insights into the conditions under
which such systems can be exponentially stabilized, the average dwell-time bound is
conservative when the time delay gets bigger. That is the reason why, the constrained
switching signal can be improved by allowing a more relaxed average dwell-time
bound. The time delay term in the nominator in (22.17) actually originates from the
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Lyapunov-Razumikhin condition (22.16) and, when the proof of [13, Theorem 1] is
followed, this directs us to ask the following question.

Question 22.1 Ts it possible to replace (22.16) with (22.13) to establish GES for
the switched time-delay system (22.1)? In other words, what are the alternative
sufficient conditions to ensure GES for (22.1) by using GES LRF functions?
Particularly, what will be the average dwell-time bound and will it be more
conservative or relaxed bound than (22.17)?

As introduced before, there is an alternative approach namely Lyapunov-Halanay
method, which is analyzed by GES LHFs and guarantees GES of time-delay
systems. An another natural question is therefore the following:

Question 22.2 s it possible to use GES LHFs to establish GES of the switched
time-delay system (22.1)? What will be the sufficient conditions and the average
dwell-time bound?

Looking at the big picture, Definition 22.2 outlines establishing GES by three
major methods in time-delay systems: GES LKFs, GES LHFs and GES LRFs.
In some practical applications in switched time-delay systems, there might be a
need to characterize some subsystems by functionals, i.e. GES LKFs, and the rest
by functions, i.e. GES LHFs and/or GES LRFs. This inquiry addresses a critical
gap in our understanding of the exponential stability dynamics in switched time-
delay systems, where each subsystem may inherently possess different stability
characteristics which allows us to pose the last question:

Question 22.3 Is it possible to establish GES of the switched time-delay sys-
tem (22.1) when the families of GES LKFs, GES LHFs and GES LRFs corresponds
to different subsystems? In other words, is it possible to guarantee GES when the
subsystems enjoy different kind of GES functions and functionals? What will be the
sufficient conditions and the average dwell-time bound for this situation?

Answering these questions raised above may also entail a rigorous exploration
of the compatibility and interaction between different stability methodologies in
switched time-delay systems. The findings may contribute not only to the theoretical
understanding of such systems but also offer valuable guidance for the design
and analysis of complex, real-world systems characterized by diverse stability
characteristics across subsystems. Furthermore, once these questions are answered,
the prospective studies may guarantee more general types of stability such as global
asymptotical stability of the systems without inputs or input-to-state stability related
properties of the systems with inputs.

22.4 Conclusions and Perspectives

In conclusion, this chapter summarized the possible and prospective research for
establishing global exponential stability (GES) in switched time-delay systems.
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By examining the interplay between different families of GES LKFs, GES LHFs
and GES LRFs associated with distinct subsystems, we have posed the question of
whether GES can be assured when subsystems exhibit diverse stability methodolo-
gies. The theorems presented offer valuable insights, providing average dwell-time
conditions under which the overall switched system remains exponentially stable,
even when subsystems employ GES LKFs and an exponentially weighted type of
GES LRFs.

Looking ahead, several promising future research emerge from this work.
Firstly, an extension of these stability results to more complex systems with
nonlinearities, uncertainties, or disturbances could enhance the applicability of
the proposed methodologies. Additionally, exploring the feasibility of combining
different types of Lyapunov functionals/functions within a single subsystem or
across subsystems may achieve stability in diverse settings. Furthermore, inves-
tigating the implications of these stability conditions on the design of control
strategies for practical applications will also be an exciting direction. Working
on the alternative dissipation inequality involving the instantaneous value of the
solution’s norm (pointwise dissipation) and the recently proposed KL-dissipation
inequality, which combines pointwise dissipation and historywise dissipation (the
dissipation inequality involving the supremum norm of the state history), could also
be an interesting direction. For input-to-state exponential stability or input-to-state
stability, one way to approach this inequality would be to use [1, Proposition 2] or
the “implication form” dissipation of [10, Theorem 3.1].
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Chapter 23 ®)
A Regularization Method for an Inverse Qe
Problem Represented by a First-Kind

Integral Equation

Mamadsho Ilolov ), Kholiknazar Kuchakshoev (@),
and Jamshed Sh. Rahmatov

Abstract The solution to the direct problem of geothermic under sedimentation
conditions for geothermal reservoirs is considered. The main factors forming the
thermal field of sedimentary basins are taken into account in the most complete
way—the consumption of heat flow energy on the base for heating of cold sedimen-
tary material, partial shielding of heat flow due to the difference of thermophysical
sediments and base rocks, heat generation in accumulating sediment, and different
rates of sedimentation. The problem of calculating the value of heat flux from the
foundation based on temperature observations in wells—the inverse problem of
geothermic in sedimentation conditions—has also been stated.

23.1 Introduction

Problems of geothermic can be described by mathematical models, specifically a
set of partial differential equations along with initial and/or boundary conditions
defined in a particular domain. Models in computational geothermic quantitatively
predict the outcomes when the crust and mantle deform slowly over geological
time. These models often incorporate complications such as simultaneous heat
transfer (e.g., thermal convection in the mantle), phase changes in the Earth’s deep
interior, complex rheology (viscosity, plasticity, non-Newtonian fluids), melting and
migration of melts, chemical reactions (e.g., thermochemical convection), motion of
solid, lateral forces, etc.
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A mathematical model relates the causal characteristics of a geothermal process
to its consequences. The causal characteristics of the simulated process include,
for example, the parameters of the initial and boundary conditions, the coefficients,
the right side of the differential equations, as well as geometric parameters, and
domains. The purpose of the direct problem is to determine the relationship between
the causes and effects of the geothermal process, and therefore, to formulate a
mathematical problem for a given set of parameters and coefficients.

The inverse problem of geothermic is the opposite of the direct problem. The
inverse problem is stated when there is no information about the causal characteris-
tics, but there is information about the effects of the geophysical (more specifically,
geothermal) process. Inverse problems can be classified as follows: inverse time
problems (e.g., to reconstruct the development of a geodynamic process); coefficient
problems (e.g., determination of coefficients, right-hand sides of model equations),
geothermic problems (e.g., determination of the location of heat sources in a domain
or geometry of boundaries), and many others.

Inverse problems often turn out to be poorly formulated or incorrect in J.
Hadamard’s terminology [1]. A mathematical model for a geophysical problem
should be well-established in the sense that it should have the properties of (1)
existence, (2) uniqueness, and (3) stability of the solution of the problem. Problems
for which at least one of these properties is not performed are called ill-posed
problems. If, for example, a problem does not have property (3), then its solution
is almost impossible to compute because the calculations are contaminated by
inevitable errors. If the solution of a problem is not continuously dependent on the
initial data, then, generally speaking, the computed solution may have nothing to do
with the true solution. In the works of A.N. Tikhonov and his followers, methods for
solving ill-posed problems are proposed. The essence of A.N. Tikhonov’s method
is the construction of regularizing families of problems, the solution of which in the
limit gives the solution of the initial ill-posed problem [2]. The application of A.N.
Tikhonov’s method to a wide class of geodynamic problems is described in [2].

23.2 Formulation of the Three-Dimensional Inverse Problem
of Geothermia

Let D ={(x,y,t):x € [0,a],y € [0,b] + ¢ € [0, t*]}.
The boundaries of domain D consist of the following five components
Fo={(x,y,0):x €[0,al),y € [0, b},
'y ={(x,0,7) : x € [0,a],t € [0,1%)},
I ={0,y,0):yel0,b],t €[0,1%)},
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'3 ={(x,b,t): x € [0,al,t € [0, ")},
Iy ={(a,yt):yel0,b]re[0,1)}

where the initial and boundary values are known.
In the domain D we consider the heat conduction equation

du(x,y,t) J

82u(x,y,t) azu(x,y,t)
1 +
ot 9x2

do oy ,(x,y,t) e D, (23.1)

where d; and d-diffusion coefficients, u-represents temperature, ¢-time, u(x, y)-
spatial coordinates, respectively.
On the boundary of I"y the initial condition is set as follows

ulx,y,0)=9x,y),x €[0,a]l,y€0,b. (23.2)
On the boundary of I"; the boundary condition is set as follows
u,y,t) =v1(y, 1),y € [0,b],1 € [0,17), (23.3)
and
u(x,0,t) = yo(x, 1), x €[0,al,t €[0,17), (23.4)
respectively.
In the inverse problem discussed below the temperature distribution u(x, y, #) in
the domain D is determined by both: the temperatures 6 (y, t), 62(x, t) and heat

fluxes ¢1(y, t), g2(x, t) at the boundaries I'3 and I'4, for which the Dirichlet and
Neumann boundary conditions are satisfied:

u(x,b, 1) =01(x,1),x €[0,al,t €0, 1), (23.5)

u(a,y,t) =6(y,t),y €[0,b],t €0, l*), (23.6)

_ klw = ql(_x, t),x € [O,CI]I € [0, t*), (237)
y

_ @D .y € 10, bl € [0, ). (23.8)

ax
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The initial description of the inverse problem is supplemented (1)—(8) with
temperature values at some fixed points x = xp,, y = yp, where p1 € (0,a), p2 €

0, b):
u(xXp, y, 1) =Y, (v, 1),y € 10,01, 1 € 0,17, (23.9)
ux, ypy, 1) =¥y, (x,1),x €[0,al,t €0, ). (23.10)
If the Green’s function G (x, y, t) of the following problem is known

G (x, v, t 392G (x, v, t 802G (x, y, t
G t) _ g ZOWD | g, TOXND (o v e,

ot 9x2 dy

G(x,y,00=0,G(0,0,1) =1,

0G(x,b,1) _ aG(a, y,t) _

01
ax dy

then, in accordance with Duhamel’s principle, the solution of the problem (1-10) is
represented as

t

3G (x, y, 1 —
u(x, y, 1) =/%u(x,y,s)ds,t € [0, ). (23.11)
0

23.3 Method of Regularization for Integral Equations
of the First Kind

The three-dimensional geothermal problem formulated in (2) admits a different
formulation using linear integral equations of the first kinds

f / K(x =& y—nu&, ndédn = f(x,y), (23.12)

—00 —00

where —00 < x <00, —00 <y <00, k(x—&,y—n) =k(E—x,n—y) = K(s,1)-
is the symmetric kernel of the equation, f(x, y) is the given function, u(§, n) is the
fast function.
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When solving practical problems, integration in Eq. 23.12 is carried out only in
finite limits. Therefore, we consider the following equation:

a b
Auz//m—s,y—mu(s,n)dsdn=f<x,y>, (23.13)
b

—a —

where —b < x < b,—a <y <a, A: H — H is a linear integral operator, H
is a real Hilbert space. Naturally, the error of the transition from (7) to (8) must be
admissible. Let us assume that the numbers §; and §, characterize the accuracy of
the initial data f and the operator A in some chosen metrics. Moreover, for finite
limits of integration, we will assume that the function f is known in the rectangle
[—b, b] x [—a, a], and the function u outside this region is identically zero, i.e.,
finite. Then the kernel K(s,f) = K(x — &,y — n) is defined in the rectangle
[—2b, 2b] x [—2a, 2a], but admits an extension to the plane R x R.

Problem (23.13) is an ill-posed problem [3]. Now, let us explore a regularizing
algorithm of its solution based on the method of M.M.Lavrentiev [4] and the fast
Fourier transform [5].

Let us consider the case when the operator A is a Hilbert-Schmidt operator,
meaning the kernel of Eq. (23.13) satisfies the condition

a b a b

Au = ////Kz(x — &, y—nu&, ndédndxdy < oo, (23.14)
—a —b—a—b

and the functions u (&€, n) and f(x, y) belong to the two-dimensional Hilbert space
Ly[—a, a; —b, b]. These conditions, subject to the observance of very non-rigorous
for practice constraints [2], are fulfilled for many geothermic problems reduced to
Eq. (23.13).

Now, let us establish some properties of the operator A. The following statement
holds.

Theorem 23.1 If the function K(x — &, y — n) satisfies the condition (9), then
A—compact linear operator in the space Ly[—a, a; —b, b] and for its norm the
following estimates are true

2a 2b 2a 2b

Al < (4ab/ /K(s,t)dsdt—i—Za/ /sl(z(s,t)dsdt

—2a —2b —2a —-2b
2a 2b

0 2b
—2b/ /IK2(s,t)dsdt—2a / /us(s,t)dsdt

—2a —2b —2a 0
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2a 2b 2a 2b
—Zb/ / tK2(s, t)dsdt+/ /stK (s, t)dsdt+//stK (s, )dsdt
0 —2b —2a —2b
0 2b 2a 0 12
//stK (s, )dsdt — //stK (s, l)dsdt) , (23.15)
—2a 0 0 —2b
2a 2b 12
I|A]| <2(/ /K (s, t)dsdt) . (23.16)
—2a —2b

Theorem 23.1 is a generalization of a classical result from [6] for the case of
two-dimensional space L.

The norms (23.15) and (23.16) generalize to the two-dimensional case of the
norm from [6].

Let us find the spectrum of the kernel K (s, t), by performing a twofold Fourier
transform of the form

k(wi, wn) = % / / K (s, t)exp[—i(w1s + wat)]dsdt. (23.17)

—00 —00

The corresponding inverse Fourier transform has the form:

K(@s,t) = % / / k(w1, w)exp[—i(wis + wart)]dwidw;. (23.18)

—00 —00

It is obvious that if K (s, ) € L;, then according to Plancherel’s theorem [6] the
spectrum k(wp, wp) € L».

Theorem 23.2 For the integral operator A of convolution type with a symmetric
kernel K(s,t) to be positive in the Hilbert space Ly[—a, a; —b, b] the integral
operator A of convolution type with a symmetric kernel K (s, t) is positive, it is
sufficient that the kernel admits an extension from the region [—2b, 2b] x [—2a, 2a]
to the whole plane R x R and the spectrum of the kernel satisfies the condition
0 < k(wy, wy) < oo.

Let’s give the scheme of the proof of the theorem. The condition of positivity of
the bounded self-adjoint operator A means that

(Au,u) > Oforany u € Ly[—a,a; —b, b]. (23.19)
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The boundedness of the operator A follows from estimates (9) and (10). In a real
Hilbert space H, the operator A is self-adjoint due to the symmetry of the kernel
K (s, t). Let us write in expanded form the scalar product (23.19)

a b a b

(Au, 1) = / / / / K(x— &y — pu pux, ydedndxdy — (23.20)
b

—a —bp —a

for any u € Ly[—a, a; —b, b].

In the expression (23.20) we substitute the value K (s, t) = K(x —&, y —n) from
the formula (23.18) and reverse the order of integration. Taking into account that
by the condition of Theorem 23.2 the spectrum of the kernel satisfies the inequality
0 < k(wy, wy) < 0o, we obtain

o0 o0
1
K(Au,u)=2—/ /k(wl,wz)lw(wl,wz)lzdwldwz20, (23.21)
T
—00 —0O0
where
a b
p(o1, w2) = / / u(x, y)expl—i(wix + way)ldxdy. (23.22)
—a—b

Theorem 23.2 is proved. It generalizes to two-dimensional space the correspond-
ing statement from [6].

Note that for positiveness of the operator A at a = oo and b = oo, the following
conditions suffice

K(s,t) € Ly[—00, 00; —00, 00] and 0 < k(wq, wp) < o0.

It follows from [5] that in the case of positiveness of the operator A, the
regularizing solution of Eq. (23.13) is a solution of the following equation

a b
//K(x =& y—nui, ndédn+au(x,y) = f(x,y), (23.23)
—a—b

where o = «(81, 62) > 0 is the regularization parameter chosen by the nonconvex-
ity method [5].
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The solution of Eq. (23.23) is obtained using the Fourier transform. Applying it
to both parts of the expression (23.23) and using the convolution theorem [5], the
function will have the following form

f(w1, w2,a,b)

P (23.24)
2n (w1, w2) + «

i(wi, w2, a,b) =

where i (w1, w2, a, b) and f (w1, wy, a, b) are Fourier transforms of the functions
u(x,y) and f(x,y), respectively, on the region [—b, b] X [—a, a].

The inverse transformation with respect to (23.24) gives an approximation to the
desired solution

/OO i f(w1, @2, a,b)

] doiydwn,
an(wl,wz)—l—aexml(wlx+w2y)] widw

1
u(x,y,a,b) = >

—00 —O0
(23.25)
for which at §; — 0, 6, — 0, and increasing limits of integration is true
lim u(x,y, o, B) =u(x,y), (23.26)
05(51 s 52) -0
a— 0o
b— oo

where u(x, y) is the exact value of the quantity being sought.

For practical realization of calculations by the formula (23.25), i.e., determina-
tion of approximation to the solution, it is most rational to use computational Fourier
transform (FFT) schemes [7].

Let us write (23.25) in the form of a two-dimensional inverse discrete Fourier
transform [7]:

fGiax, poy)

N2—-1Np—1 » . .
1 o f(p18on, ppAonexplprhoijiAx + phmp Ayl |
o /ZO 2rk(p1bwr, prhan) + 1542
1= 2=

(23.27)
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where the expression for k(p;Awi, p2Awy) is obtained by computing the inte-
gral (23.17) and the two-dimensional discrete Fourier transform

f(p1owr, prhan)

e . . .
= E Z Z u(j1Ax, jay)exp[—i(p1Awi j1Ax + prAwy ja Ay)]Ax, Ay,
2=0 j1=0
p1=01,...,Ni—1,p,=0.1,...,N, — 1. (23.28)

Assuming that Ax = Ay = 1, then Aw; = 27/N; and Awr = 27w/Ns.
Substituting these expressions into (23.27) and (23.28), we obtain the final working
formulas realized by successive application of one-dimensional FFT algorithms.
When solving problems for large arrays, the use of FFT allows reducing the amount
of computation by two orders of magnitude compared to direct computation. For
example. If Ny = 2™ and N, = 2™2, where m| and m, are some natural
numbers, then to perform computations (23.28) using FFT requires approximately
N1N>(m1 4+ my) complex multiplications and additions instead of N1 N, (N1 + N2)
of the same operations in direct computations. Similar questions were analyzed in
[8-11].

23.4 Conclusion

A further direction of research will be the development of methods for reconstruct-
ing land surface temperature from temperature profile measurements in boreholes
for glaciers and rocks with constant environmental properties. Surface temperature
reconstruction will be proposed in the form of a piecewise constant function and in
the form of a segment of trigonometric Fourier series.
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